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5.7  Grand Canonical Ensemble

As the name signi!es, grand canonical ensemble plays a pivotal role in understanding of 
natural phenomena by science. In this ensemble we allow exchange of particles, by intro-
ducing chemical potential !. Now the number of particles in the system can "uctuate or 
vary during a process. This is (!, V, T) or Grand Canonical Ensemble (GCE). Subsequent 
analysis follows the same route as the canonical partition function case. In this case we 
!rst construct the grand canonical ensemble by putting the mental replicas of the (!, V, T) 
system in a large bath which is not only open to exchange of energy but also to the number 
of molecules. Each system is characterized by constant volume V, constant temperature 
T and constant chemical potential !, but can have different energy and different number 
Ni of molecules. Just as in the case of canonical ensemble, we put these systems in contact 
with each other where the walls separating them permit exchange of energy and mol-
ecules. This system of ensembles itself is put in a large heat and number bath. After equi-
librium is reached, we put insulation around the whole ensemble such that no exchange of 
energy and number is possible. That is, we again construct a big microcanonical system.

This microcanonical system of ensembles consists of a large number of replicas of each 
other and together they constitute our grand canonical ensemble. The systems of our grand 
canonical ensemble are all characterized by the same V, T, and ȝ (as shown in Figure#5.7). 
However, these systems may all be characterized by a different amount of energy and 
different number of molecules. Let us denote the number of systems with energy Ej and 
number of molecules N by nj(N). That is, nj(N) is a distribution and we again have to !nd 
the distribution that maximizes the total number of microstates !({nj(N)}) which is given 
by a similar multinomial expression.

The difference is that now !({nj(N)}) needs to be maximized with three constrains: total 
number of systems, total energy (Etot) and total number of molecules in our great microca-
nonical system. The same exercise as carried out before leads to the following expression 
for the most probable distribution
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FIGURE 5.7
Schematic illustration of grand canonical ensemble where the systems are kept at !xed temperature T and 
chemical potential ȝ by putting the super-system in a heat bath and particle bath respectively and establishing 
thermal contacts between the individual systems.
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Problem Set

 1. Consider a system of N particles. Each particle can occupy only three discrete 
states of energies 0, İ and 2İ. The system is kept at a !xed temperature T. Write 
the partition function of the system assuming they obey Maxwell-Boltzmann 
statistics:

 a. if the particles are distinguishable.
 b. if the particles are indistinguishable.
 c. Derive an expression for the entropy and heat capacity of the system at con-

stant volume. Plot Cv vs. T qualitatively.
 2. Consider a system of N number of two level sub-systems in thermal equilibrium 

with each other. Each system has only two states, 0 and İ. First !nd out the prob-
ability that a given sub-system can be found in the excited state. Next consider the 
whole system of N sub-systems. Derive an expression for the entropy (S) and pres-
sure (P) for the entire system. Calculate the value of S at the limit T!0 and T!". 
Also plot S vs. T. What can you conclude from the results?
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