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Ensemble

The concept of an ensemble is a brilliant mental construct

System must have a large number of microscopic states (positions and momenta), and natural
motion of system at non-zero temperature takes the system through a finite fraction of these
states in a time comparable to time of measurement of the macroscopic properties.

Different types of Ensembles

Isothermal-isobaric
ensemble

(N, P, T)

Microcanonical Canonical Gibbs
ensemble ensemble ensemble
(N, V,E) N, Vv, T) (u, P, T)

Grand canonical
ensemble

w, V,T)



A microcanonical ensemble consists of mental
replicas of the original (NVE) system (Isolated System)
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Canonical ensemble

A A A A
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Canonical ensemble, where energy of each system can fluctuate. The systems are kept at
temperature T by putting the super-system in a bath and establishing thermal contacts

between the individual systems
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Grand-canonical ensemble

Temperature
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Grand-canonical ensemble

uVvVrT uVvVrT
Particle uVT uvT Temperature
bath bath at T
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DEPARTMENT OF CHEMISTRY Assignment 1

Indian Institute of Technology Bombay |DPue date
Statistical Mechanics (Code: CH 576) February 12, 2021

1. The ensemble average of a function B(p, q) is given by

(B) = /dF p(p,q,t) B(p,q)

Show p
SB) = (B, 1),

where p and ¢ represent momenta and position in 6/N dimensional phase space, integration is
over the phase space co-ordinates (momenta and positions) and H is the Hamiltonian of the
classical system.

Answer: dI’ = Hi\il d3q;d3p;.

The ensemble average of a function B(p, q) can be expressed as

(B) = / ar p(p, 0.t) B(p q).

Therefore,
d 0

as %B(p, q) = 0. Using the Liouville equation,

0
ap(pa q7t) + {p7H} - 07

where

3N
oOH 0 OoH 0
LH} = Z <3pi361i g, a]%) ’

i=1

one can explicitly write Eq. (1) as

3N
d, .. OH dp  OH p

Doing the integration by parts in Eq. (2) and then taking boundary terms as zero, one can
arrive at

d N ‘OHOB OH OB
$<B> = /de(I% q) Z (8]% 90 — 34 8}%’) +/dfp(p,q

i=1
=B, H}).

Please go on to the next page...
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2. For a classical “N” particle system, let other than the Hamiltonian the angular momentum
(1) is also conserved. Then show mathematically that dé—f =0.

Answer: As both the Hamiltonian (H) and the angular momentum (l,,) are conserved, {H,1,,} =
0. We know, I, = I,({pi}, {¢:}). Therefore,

g~ (Olndas | Ol d
dt “~\dq; dt ~ Op; dt

Using relations, CZI; =q; = g—f and ddpti =p; = —g—f, one can rewrite the above equation as
1 K2

dl, “EN: (azn OH  ol, OH

Al _ _ — {l,,, H} = 0. 4
dt 0q; Op;  Op; 8qi> {n H} =0 )

i=1

3. For a single particle subjected to a potential V(q), write down the action, Alq(t)], where
Alg(t)] = Lib dt L(q,q)), and L(gq, ¢) is the Lagrangian of the system. Show that the extremization
of this action results the Newton’s equation of motion.

Answer: The action is given by

Alato) = | " dt L(g.0).

The extremization of action, i.e., §A = 0 leads to the Euler-Lagrange equation,
oL d (0L
——— | =) =0. (5)
dq dt \ 0q

For a single particle of mass m subjected to a potential V'(q), the action is given by

m

L(g,4) = 54" = V(a)-

So using Eq. (5), one gets
mq - _V,(Q)7

which is the Newton’s equation of motion.

4. For a free particle, the Lagrangian, L = %qq. Show that the action A, corresponding to the
classical motion of a free particle is

A= (e — 1)
T2 (ty—ta)

where end points are g, and ¢ at time ¢, and t;, respectively.

Answer: For a free particle, the Lagrangian is L = Z:¢*. So the action is given by Alg(t)] =
5 tib dt ¢*. Using the Euler-Lagrange equation given in Eq. (5), one finds mgy = 0, which is

Please go on to the next page. ..



Chemistry Statistical Mechanics Page 3 of 14

the equation for classical motion followed by the particle. From this, we have ¢, = constant =
(v — qa)/(tp — to). Putting the value of ¢ in the expression of action, one gets

m — Ya §
Ag = Alglgw)=g = QH'

5. For a harmonic oscillator, the Lagrangian, L = %(q'2 —w?q?). Show that the classical action is
17 Y e (g5 + qz) coswT — 2qaqs) ,
where T = tj, — t,.
Answer: The Lagrangian for a harmonic oscillator is given by L = %(QQ —w?q?). So by virtue
of Eq. (5), one can find the equation of motion for the classical trajectory, which is given as
q-cl + WQQCZ =0.

The general solution of the above equation is: ¢q(t) = cisinwt + cocoswt. The boundary
conditions are: qq(t)|t=¢, = q» and qu(t)|t=¢, = ¢a- Using them, one can get the following
matrix equation for ¢, co:

ﬁmbmmHﬂ:Pﬂ:wﬂ:anmwfwﬂ. (6)

sinwt, coswt,| |co Qa Co sinwt, coswty Qa
. : : : _ . coswty coswtg _ sinwt,  sinwtg
Doing the matrix calculation, one obtains, ¢1 = —qa 5.7 + W Goof and €2 = Ga g7 — B Gnorts

where T' = t;, — t,. Therefore the classical action can be calculated as

ty
m . m w
Ay = 2/t dt (q5 — w’ql) = Y (@ + q2) coswT — 2¢aqs)

Detailed mathematical Steps:

tp tp
m . m . — m .
5 dtqzl = 5[Q(t)cl(Icl(t)]i:?; - 5 dtqcl(t)QCl (t)
ta ta
2 ty
m . _ mw
— Sl a0~ " [ dtaa(t)aate
ta

Therefore,
tp
m ) 2 2
5 \ dt (qcl —Ww Qd)
m . t=t
= E[QCl(t)QCl(t)]tth
m ) .
=5 [qp(c1w coswty — cow sinwty) — ¢, (c1w coswt, — cow sinwt, )|
_ muw | o (coswlpcoswt, | sinwtpsinwt, o [ coswtpcoswt, — sinwtpsinwt,
T2 |\ T st sinwT o\ 7 sinwT sinwT’
mw
- I e Teos?wty, + sinwty + cos*wt, + sin®wt,]
2 sinwT
mw
= SenuT (g + q3) coswT — 2qaqs] (8)

Please go on to the next page...
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6. The energy levels of a rigid rotor of moment of inertia I are given by

h2

j = 2_,](] + )
where j = 0, .

(i) Using the Boltzmann statistics (with proper degeneracy factor), find an expression for
the thermodynamic internal energy of the system

(ii) Under what conditions can the sum in the part (i) be approzimated by an integral? In
this case evaluate the specific heat C, of the system

Answer: For a rigid rotor, the energy of j—th state is

h2

E; = 4+ 1),
with degeneracy 2j + 1, where 7 =0,1,2

Therefore the partition function is given by

o(T) =3 (2 + 1) e~ Fra+D), 9)
7=0
where = 1/kpT.

The internal energy can be expressed in terms of partition function as £ = kgT? (
So using Eq. (9), one has

alan( )) .

For heavy molecules or at high temperature, 7.e

,if kT > B, where B =
can be replaced by an integral, and the partition function takes the following form:

21, then the sum
li T)~ [ dj(2j+1)e PPIU+D
kBT1/I§>>IQ( ) /0 lj (25 + 1)e
1 0 »
- _BB/ d (e*ﬁBJU“)) — kpT/B

0
So, E:k;BT2<
Therefore, C, =

(11)
) = kpT, and molar average internal energy is Ey,oar = NakpT = RT
= R.

Q|
ﬂ‘tij\

Please go on to the next page
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7. The partition function of a crystal can be approximated by
e—hzl/?kBT 3N kUiOT
Q=1{1C c—hw2kpT | €0
where hv/kp = Op is a constant characteristic of the crystal, and Uy is the sublimation energy
of the crystal. Calculate the heat capacity from this simple partition function and show that

at high temperatures, one obtains the law of Dulong and Petit, namely C, = 3Nkp as T — oo.
There is a typo in the question.

Answer: The partition function of a crystal can be approximated by
efhzz/QkBT 3N kUiOT
Q= 1 _ o—hw/kpT ers.
Taking hv/kp = Op, the above can be rewritten as
efG)E/QT 3N kUiOT
Q="Ter] e (12)

or, InQ = —3N©g /2T — 3NIn(1 — e~ ©#/T) 4 kg—oT. So the average internal energy is calculated
using F = kpT? (6;;@) , as

— @E @7}5367®E/T Uo
E =3NkpT?—= + 3NkgT?-—L—  __ _ kpT?
SNk 272 +3Nkp (1 —e©e/T) kB kgT?
3 3Nhve ©8/T
— 5NhV+m—Ug. (13)

Therefore the heat capacity is given by

OF O 2 e~ 9e/T
=— =3Nkp|— | ———————. 14
=57 =3 B<T> (1—e©8/T)2 (14)
At high temperature, i.e., for T — 0o, the exponential can be well approximated as e ©2/7
2
1—Og/T + O(1/T?). Applying this, one obtains, C, ~ 3Nkp <®TE) m = 3Nkpg, which

is the mathematical form of the law of Dulong and Petit.

8. Consider a system of N non-interacting harmonic oscillators in three dimension with total
energy F. Show that the microcanonical partition function is given by

o BN o1
N.E) = an= 3N -
QY. E) <3Nh> ‘ ileg’

where w; is the angular frequency of the ¢—th harmonic oscillator. Then show that the above
partition function is consistent with the relation: E = 3NkgT. (Here, you can use: I'(3N) ~
(BN)! ~ (3N)3Ne=3N )

Question 8 continues on the next page. ..
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Answer: The Hamiltonian for a system of N non-interacting harmonic oscillators in three-
dimensional space is given by

N 2
. k;
Hedo(Za ). (15)
1

where the mass m; and the spring constant k; of the ¢—th harmonic oscillator are related to the
angular frequency w;, as w; = /k;/m;. So the microcanonical partition function can expressed
as

Q(N,E) = hSN dNp /qu5 ( (2% + I;r,?) - E) (16)

The above equation can be rescaled by taking J; = p;/v/2m; and W; = +/k;/27;, which

makes

N
H=> (JF+W3), (17)

i=1

and subsequently, Eq. (16) becomes

Q(N,E) = 222 Z /dNJ/dNWd (Z (J2 + W?) - ) . (18)

Now defining R? = Zf\il (J 24+ w? ), one can introduce a 6N —dimensional spherical coordinates
consisting of one polar coordinate R and (6 N — 1) number of angular coordinates, €. Here the
volume element is RON=1dR dN~1Q. Therefore Eq. (18) becomes

23N
Q(N, E) = Eoyry Z /dGN 10 /dRR6N '§(R*-E). (19)
n+1
Using the formula, [d"w = % along with the relation, §(R? — E) = ﬁ[é(R ~VE) +

§(R+VE)] in Eq. (19), one can arrive at

Eo 23N 3N N o

For large N, using the relation, I'(3N) ~ (3N)! = (3N)3Ne_3N, the above can approximated
as

Ey 23NN 3w, Noq
QN E) = WE "y (21)
i=1 W

Ignoring the prefactor Fy/FE and rearranging the terms, we obtain

Please go on to the next page...



Chemistry Statistical Mechanics Page 7 of 14

1 oS

From the Boltzmann’s equation, S = kpln@, and the definition of temperature, 7 = 3%, one
can get
1 3N
=kp— = E =3NkpT, 22
T "PE b (22)

which is consistent with the equipartition theorem.

9. Consider a system consisting of N “indistinguishable”, non-interacting point particles (each of
mass m) with total energy E and volume V. Show that the microcanonical partition function

of this system is
V [4nmE\>?
m\ 3N

Then derive the equation of state for this system.

QN,V, E) = — N2

Answer: The Hamiltonian for N particles (each of mass m) is

N p2
:;27;@
-

For a system consisting of IV particles with total energy E and volume V| the microcanonical
partition function is given by

Q(N7V7E):Ni%N/dpl/dpz'"/dPN/dQ1/dQQ“'/dQN5(;:2% —E>7 (23)

where [dq; = [dz; [dy; [ dz;. The integration over ¢; is straightforward and can be done
easily as [ dq; = V. So Eq. (23) simplifies to

N
Q(N,V,E) ﬁﬂ}‘;w /dpl/dpg /de5 (Z p; > , (24)

Taking ®7 = p?/2m, the above can be rewritten as

Eo ( 3N/2 VN N
Q(N,V,E) = N,th /d<I>1/d<I>2 /d<I>N5 Y @ -E|. (25)
i=1

Eq. (25) can calculated in an easier way if it is to be done in the polar coordinate. For that, we
take, 72 = Zf\i | ®2, where r is the radial coordinate of a 3N —dimensional spherical coordinates
with (3N — 1) number of angular coordinates (w). So the volume element is 3V ~1dr a3V 1w
Now we can express Eq. (25) as

3N/2 {/N 0
Q(N,V,E) = Eo (2‘;\7‘)]13]\, v /d3N_1w / drr3N=1§ (r2 — E) . (26)
. 0

Please go on to the next page. ..
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n+1
Using the formula, [d"w = 1%7{”7?), where T'(n) = [ dyy™ 'e ¥, one can perform the
integration over w, which transforms Eq. (26) to
E (2m)3N/2 o3N/2 VN 00 AN 1
N,V,E) = d ) - F
QN V. E) NIB3NT(3N/2) / " ( )
Ey (2m)3N/2 27T3N/2 VN
- — _[6(r—VE E
NUAT(3N/2) / drr3 [5(1" VE) +6(r +VE)]
N
_ B @m)NP NPy, 1By 1 2emE\ % 2
~ EN!R3NT(3N/2) N! E T(3N/2) h?

For the above calculation, we used the fact that » € (0,00), and E > 0, so the second term
in the integrand has no contribution in the second step. In the large N limit, one can use
the Sterling’s approximation, I'(n + 1) = e "™n". Applying this, one obtains, I'(3N/2) =
e SN2 (3N /2 — 1)3N/271 &~ ¢=3N/2 (3N/2)3N/2. Also the prefactor Ey/E can be neglected.
Taking all these results into account, we get

V [4rmE\%?
m\ 3N
The pressure is calculated from the partition function, using the formula

P:k;BT<8an(]V’V’E)) '
N,E

1

Q(N,V,E) = N2, (28)

ov
Since Q(N,V, E) ~ VN one gets P = kgT N/V, or
PV = nRT,

where n = N/N 4. This is the equation of state of the system.

10. The canonical partition function of a monoatomic ideal gas is
1 (2mmkpT\*M?_
Q(N,V,T) = N <h2> V.

Derive expressions for the pressure and the energy from this partition function. Also show
that the ideal gas equation of state is obtained if Q is of the form: f(T)VY, where f(T) is any
function of temperature.

Answer: The canonical partition function of a monoatomic ideal gas is

1 [ 2mmkgT 3N/2
QIN,V.T) = + <h2> VN, (29)
The pressure P is given by P = kgT (%)NT. So using Eq. (29), one gets

0

PV =nRT. (30)

Please go on to the next page. ..
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11.

The average energy can be calculated using the formula, E = kpT? <%)N . So from
Eq. (29), one has 7
0
_ 0 2rmkgT 3N/2 0
E=kpT?’— [In | —="— kpT?— —
BT ( ! ( 2 > +hs N
_ 3 3
E= §NkBT = inRT. (31)

If the partition function is of the form: Q(T,V) = f(T)V, the pressure can be calculated as
P =kpT (%)Nr[ = kT N/V, which leads to ideal gas equation of state, PV = nRT.

The partition function of an ideal gas of diatomic molecules in an external electric field £ is

[q(V, T,

QIN.V.T.€) = £

where

[ 2nmkpT\*? (872IkpT e~hv/2kpT ksT\ . pé
q(V) Ta 5) =V <h2> h2 1_ e*hll/QkBT M{ sinh ]{BiT .

Here I is the moment of inertia of the molecule; v is its fundamental vibrational frequency, and
1 is its dipole moment. Using this partition function along with the thermodynamic relation,

dA = —SdT — pdV — Md¢,

where M = N[, i1 is the average dipole moment of a molecule in the direction of the external

field &, show that
_ I3 kBTﬂ
=plcoth| —= ) —(— ||
ren [ <kBT> ( T3

Sketch this result versus £ from & = 0 to & = oo, and interpret it.
There is a typo in the question.

Answer: From the thermodynamic relation, dA = —SdT — pdV — Md§, one can find the

magnetization M as
0A
M:—<> |
9€ ) v

Here A is the Helmholtz free energy, and it is related to partition function via the formula:
A= —kpTlmQ(N,V,T,§). With the given partition function, one can see

. kT . Hé
InQ(N,V,T,§) = Nln <M§> + Nln [smh (M)] +g(T,V,N),

Please go on to the next page. ..
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3/2 —hy
where g[T,V,N] = N In [V (%"}LL’;BT) (8ﬂ2£§BT> <1eeh,fl/€,fBTT)] —InN!. So we get

M = —NkgT (TT) + NkgT < a ) cosh (Léﬁ

() ™\ )
=Nu [coth <kl;§”> — <k55>] . (32)

M T (e kT
- r (35 - (2]

Interpretation: At low electric field, i = 0, as spins are randomly oriented. With the

Therefore,

Ml
1.0p

0.8F

0.6

0.4F

0.2f

5 10 15 20 d
Figure 1: Plot of average dipole moment, ji (rescaled by ) as a function of electric field, £. In the
given plot, we have taken kT /u = 1.

application of electric field, spins are continuously aligned in the field, thereby showing positive
moment. At some point, all spins get aligned with the field, and the average moment saturates
to p.

12. An approzximate partition function for a dense gas is

1 (2rmkpT N/ N
QN V,T) = + ( h2B > (V = Nb)NetN/VhoT,

where a and b are constants that are given in terms of molecular parameters. Calculate the
equation of state from this partition function. What equation of state is this? Calculate the
thermodynamic energy and the heat capacity.

Answer: The pressure of a gas can be calculated by using the formula, P = kT (%) .
N,T

The given partition function is of the form of

Q(N,V,T) = f(N,T) (V — Np)NeaN*/VksT,

Please go on to the next page. ..
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3N/2
where f(N,T) = & (W#) . Therefore,

OmQ(N,V,T) NkgT aN?
P=kpT | —————= = — kT ————. 33
P ( v e V-Nb P V2T (33)
Rearranging the terms, we have
aN?
(P+ V2> (V. — Nb) = NkgT,
which is the equation state for Van der Waals gas.
The average energy can be computed as
_ InQ(N,V, T
E:k‘BT2 anQ( 7‘/7 )
aT NV
3N (0InT o) aN?
-y (51 ) o7 (o)., (V)
2 oT NV oT Nv \VkT
3 aN?
= —-NkpT — ——. 4
5 VEB v (34)
The heat capacity is given by
OF 3
Co=|—=— = —Nkp. 35
<8T> Ny 2 &

13. A Material consists of n independent particles and is in a weak external field H. Each particle
can have a magnetic moment myu along the magnetic field, where m = 5,7 —1,--- ,—j4+1,—7,
j being an integer, and p is a constant. The system is at temperature 7.
(i) Find the partition function for this system.
(ii) Calculate the average magnetization, M, of the material.

(iii) For large values of T, find an asymptotic expression for M.

Answer: The interaction energy of j—th moment with the field H is ¢; = —juH. So the
partition function of a particle can be given as
_iuH (2j+1)pH
+j e kBT (1—6 kT >
muH
Q(T’ H) - Z et = pH
m=—j 1 6’“37T

(36)

Please go on to the next page. ..
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For the system of n independent particles, the partition function is

Q(an’ H) = qn(Tv H) =

The average magnetization, M can be expressed as

where A = —kpTInQ(n,T, H) is the free energy. Thus,

e (35), e o+ 5E5) o (32)

. H H
@ 1 cosh ((] + %)7;BT) 1 cosh (2g3T>
= kT U+ ) N T2
B sinh <(] + i)kuBT> sinh (2/’;BT>

_ % [(23‘ + 1)coth ((2]’ + 1)2’]§T> — coth (;}:Zﬂ . (39)

For large values of T', i.e., in the limit k1" > uH, one can approximate the hyperbolic function

as coth (é—HT) ~ HlH + %ISB—HT Using this, Eq. (39) becomes
5T

B

L B B P (40)

— n/"L
M~ — .
2 kBT 3 kBT

[N

14. The entropy of an ideal paramagnet in a magnetic field is given approximately by
S =S, - CU?,

where U is the energy of the spin system and C is a constant with fixed mechanical parameters
of the system.

(i) Using fundamental definition of the temperature, determine the energy U of the spin
system as a function of 7.
(ii) Sketch s graph of U versus T for all values of T' (—oo < T' < 0).

(iii) Briefly tell what physical sense you can make of the negative temperature part of your

result.
Answer: From the definition of temperature, % = %, one gets
1 1
— =200 = U=——1—r,
T 2CT

where C' > 0.

Please go on to the next page. ..
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15.

-10 -5 5

Figure 2: Plot of U versus T'. Here, C = 1.

Interpretation: The negative temperature signifies that there are more number of particles in
an excited state than the ground state (population inversion). For a spin system, one may
have a situation where most of the spins are aligned anti-parallel to the applied field, thereby
resulting negative temperature.

A one-dimensional quantum harmonic oscillator (whose ground state energy is fuw/2) is in
thermal equilibrium with a heat bath at temperature 7'

(i) What is the mean value of the oscillator’s energy, (E), as a function of 77
(ii) What is the value of AFE, the root mean square fluctuation in energy about (E)?
(iii) How do (F) and AE behave in the limits kT < hw and kgT > hw?

Answer: The energy of v—th state of a harmonic oscillator with angular frequency w is given
by ¢, = (1/ + %) hw. Therefore the partition function can be expressed as

hw

O hw 1 T 2kpT 2
o)=Y e . L (11)
=0 1—e kBT sinh (2kBT>

So the mean value of energy is

hw
_ alnq(T)) 2COSh (2kBT> hw w Fw
E = kpT? < = +kpT = —coth :
T . fiw 2kpT? 2 2kpT
0 sinh <2kBT) B B

(42)

The root mean square fluctuation in energy, AFE is computed as

E
L \/k:BT2hw (h‘”> csch? ( e > - o )
or 2 2sinh ( 527 )

Question 15 continues on the next page. ..
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I}

hw hw o
fni SkpT ., 2kpT SkpT .
In the limit kT < fw, coth (o) = e2B8T4e 25T o BT 1 and sinh (224
) 2kpT Tiw — hw o , T
e2kpT _o 2kpT e2kpT
hw hw
kT _, ThpT _hw_ ' o e
% ~ %e%BT. So in this limit, £ ~ %hw and AE ~ hwe 2+BT .
cosh( =2 2
In the limit kT > hw, coth (2£”T) — (QI;BT> ~ rl—l—(’)(l/T ) ~ 2,;3T7 and sinh (Q,f“’T) -
B sinh(%gT) (ka;;T>+@(1/T3) w B
2,?;T. Therefore, E ~ kT and AE ~ kgT.

End of Assignment
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Molecular dynamics simulation: Theory, Algorithm, and Applications

time 0.0041 ps

Source: Wikipedia

“If, in some cataclysm, all of scientific knowledge were to be destroyed, and only one
sentence passed on to the next generations of creatures, what statement would contain
the most information in the fewest words? | believe it is the atomic hypothesis (or the
atomic fact, or whatever you wish to call it) that all things are made of atoms - little
particles that move around in perpetual motion, attracting each other when they are a
little distance apart, but repelling upon being squeezed into one another. In that one
sentence, you will see, there is an enormous amount of information about the world, if
just a little imagination and thinking are applied.”

Richard Feynman (1961)

U A method to capture the physical movements of atoms and molecules dynamically for a significant period of time

U Positions of a set of interacting particles over time are calculated by solving Newton’s equation of motion

U The forces between the particles and their potential energies are calculated using molecular mechanics force field



Classical Mechanics

F d*r, W _ potentia f the syst
=mea = M. - — = Potential energy of the system
l L1 l dtz drl
Time Position (x,) Velocity (v{) Acceleration (ay)
t=20 X0 vg idVO
T m; dxl- \
Maxwell Boltzmann J Molecular mechanici/ Y
distribution force field
Time Position (X;44¢) Velocity (vf, 4¢) | Acceleration (af, 4¢)
t=t+dt 1 vX + aXdt 1 dV,
X + vi¥dt + = a¥de? 0o ™% — ——frat
2 m; dxl-




Force field

V = Epondea + Enon-pbonded

4 )

~

Ebonded = Ebond—stretching + Eangle—bending"' Edihedral—rotation

Ebond—stretching

= > kb —by)?

bonds

b = Bond length at any instance
by= Equilibrium bond length

kp= Force constant

Eangle—bending = Z k9(9 - 90)2

angles

6 = Bond angle at any instance
6o= Equilibrium bond angle
kg= Force constant

L Example: Force field parameters of urea (Charmm36 force field)

N---H

bO == 1 A
ky = 480 kcal /mol

H--N--H
6, = 120°
kg = 23 kcal/mol

Eginedrai-rotation =

dihedral
angles

ky, (1 — cos(ng — 6))

@ = Bond angle at any instance
n = Dihedral multiplicity (number of local minima)
k, = Dihedral force constant

o=

Equilibrium dihedral angle

H--N--C--N
_ — 1 g keal
n=2, kq, =1.5 —
6 = 180°




Force field

Enon—bonded = Eelectrostatic + Evan der Waals

1 q;q;

— ATTE) 1)
L]

. \12 -\ © Romini:\ L2 Romini\°
E = 4e;. |[(Z2) —(ZY) | = |(22U)  — o (Y
van der Waals = *€ij o roi = €ij T Tii
ij ij ij ij

For n particles, the number of pair interaction terms = n(n-1)/2

Eciectrostatic =

Truncation of interacting partner and cutoff distance

Tcutoff Distance at which the short-ranged interactions are turned off

Between sy itching aNd 1oy rrthe van der Waals interaction is switched to zero

Long-ranged electrostatic interactions are calculated using Particle Mesh Ewald
(PME) summation method

Reduces the computational time significantly

Eelectrostatic

Evan der Waals

rcutoff




Velocity
assignment

O Velocity is assigned randomly from Maxwell-Boltzmann distribution at a given temperature

A

p(vi")=( i )l/zexp[ L)

2k T 2 kgT

Probability

velocity v (m/s)

Y

N
O The overall momentum is also ensured to be zero Z m;v; =0

i=1



Integration algorithms
O Verlet Algorithm

dr(t) 1 d?r(t) , 1 d3r(t) 3
re+o) =rt)+ == Ot+ 5= Oty 0
dr(t) 1 d?r(t) , 1 d3r(t) 3
r(t —ot) =r(t) — 7t ot + TR te — TIPS
Combining,
d?r(t) .
r(t+ 8t) + r(t — 6t) = 2r(t) + ot

dt?

r(t + 6t) = 2r(t) — r(t — 6t) + a(t)6t?

Faster since velocity need not to be calculated

Lower precision



Integration algorithms

O Leap-frog Algorithm

v (t + % 6t) = rit+ 62 — () = r(t+6t) =r(t) +v(t +—; ot)ot

1 1
v(t+55t) - v(t—E at) + a(t)st

Velocities at time t + 3 Ot is used to calculate position at time t.
Velocity leaps over position and position leaps over velocity

velocities are calculated explicitly

Position and velocity are not calculated at the same time



Periodic boundary condition

Periodic boundary conditions enable a simulation to be performed using a relatively small number of particles in such

a way that the particles experience forces as if they are in a larger volume

@10 @

O @0

O
O

=)
O

O
O

.
_______




Ergodic hypothesis: Simulation of a water-box

Initial conditions:
= 6136 water molecules
*  Cubic box of edge length of 3.67 nm (Volume ~ 49 nm?)
=  Pressure: 1.01325 bar
=  Temperature: 310 K
= Simulation time: 1ns
=  Water model: TIP3P

Statistics of temperature, pressure and volume

0.101 |

0.08+

0.06+

P(T)

0.04+

0.02

0.00

_| Temperature

0.14

P)

-0.02

290 295 300 305 310 315 320 325 330 335

Temperature (K)

1 [ Volume

48.0 485 49.0 495 50.0 50.5 51.0

Volume (nm3)

0.12

0.00

| |Pressure| A~

|

1500 -1000 500 0 500

Pressure (bar)

(T) = 310.032 K
(P) = 1.13 bar
(V) = 49.32 nm?

1000 1500




Ergodic hypothesis: Distributions of H-O-H angle in

0.25 0.25

water [ Time average | [ Ensemble average|
f — -1, -> 0.20 0.20
I Or—o-u = €0S™ " (Vo_n,* Vo-n,)
0.15 0.15
§ )
_ <
0.10- 0.10
0.05 0.05
0.00
1085 1090 1095 1100 1105 111 o 108.0 1085 109.0 1095 1100 1105 111
O.0.1(°) O0.1(°)
; 0.25
Time average —renne
t S (8), = 109.47°
1 n 0.20- ¢ :
0), = lim— | 6(t)dt
O = lim t, (t) ) (6)y = 109.45
° s
R
0.10-
wy | 6 |0l 616 0
0.05-

...........

0.00
Ensemble

N
O = Jim > 60D
N = 11mm — l
average N—)OON 0 108.0 108.5 109.00 109.50 110.0 110.5 111.(
i=1 .0-1 (%)




Calculation of radial distribution function (g(r)):

4tr®g(r)pyy, , 4r = AN,

4mpy, . [ g()rédr = [ dN, = N,

_/

Coordination number

Pr ANy _ Nyydr—Ny

Pr =

" anr2dr  4nridr

g(r) =

TBulk

N, = No.of water oxygen atoms in the sphere of radiusr
surrounding a central water oxygen atom

W T T
1 | Maximum density (r=0.275 nm)
C 1 S T B
sl L]

g(r)

0

0.01—
7

0.0 ko.z 04 06 08 10 1.2 14 16 1.8 2.0
r(nm)

Depletion zone
[> ZTO—H (ro_H = 0.095 nm)]



Simulation of protein-peptide
complex

U p53 regulates the DNA repairing or apoptosis (removal of diseased cell) in response to different stresses

0 mdm2 is overexpressed in cancerous cells to bind to p53 and inhibit its function to ensure tumor progression

U Cross-stitched peptides are designed to replace p53 and bind to mdm?2

O For that, these must have higher binding affinity with mdm2 than the natural binding partner.

mdm2 + p53 (natural binding partner)

mdm?2 + designed peptide inhibitor

AH -62.34

. TAS -53.88
Unit:

kcal/mol AG -8.46 + 0.69

AH -56.53
TAS -26.41
AG | -30.12+2.97

mdm?2 + designed peptide inhibitor

- 15.!

-38.70 = 2.“






E'mk\é—‘“
\AS% )
> Mumoes ofﬂ \M\;Lus
dn > e Jed For S
o °f k= swdes \ uk\a Aake LD wobrom
H.h'lc.\'\ 1*V-‘IQMQQ. m&s\(‘o\u—wenk /M
bekween D o) > & l\g‘{
L, tecieh O \% PR o e
Ko OWSQ-N'&\“\
) b wd ’wd'Bu hen
© ‘\-\ Ane xtl a"\\ C.orml)“’&‘o"“ guma
x(er U Qe e
. X R
— A{\mm ® (
N N A
H o o‘oo\\a.b‘k\:) % 5Uw\e -0
® be=p™
‘f:-w.v\“
y\d""






W Toidia| value %“"H“W'”

F

(*, o\ =nd® |
N '“D'nrac Do §unckion

U‘t;m‘a



,F("f,d\:ﬂﬁb‘\

Six)=o
=

x{o
X=0

.f(ro) = f;C?)SCX- fa)dx
-0

1 +0 1kx
~~
JC’(ar,l;) = ;'f f(k,t)e dk
- ¢)

o) TQ%{((QW\"\ "6



r(x 0) =n§ () (invkiaf Condhisn)

Fes [0

‘F('.c,n) @ 57 |lut d ke,
?(k,o):



dW

"’Q Y . @ v .v L%
Dkt hx + _').kﬂ u 4+ X 1 } _
S e e %—( 0 ([(kr 2 Bt 4ot . A)k

Z0

D
17/403*0" U‘n’u’\ de
-0

:n-ﬁ < iIc
9 _\r_
LQ‘{) N = h\\;‘i‘ .‘_m
y0 v _ +
e (& by =40
- ~[4® —
e )

M < 4R L B

= _ ﬁ [

2K _"o0 {S‘QA’J‘ i -'K/d\\
'00




v
1 X x\ =0, all the odd mmwmanly ace Zervg
AD{- 4 > osd ol the 2ven m omenfs cse NON -zefo

v
e‘x/' oF 4x

Ty

\—
U\\‘

I” A —440e
L (T
T ® i
I 9pk |HADE D-‘)‘l(wg'w’-— %%:m n 2D t

It 7 :
w \§ Mean diggletnt

- ' D Moan Sqgae di o lacewenk v (aticod)
] PRy RICE Qaw 3Q W - 2ol e
For NM\&(N\ an k W\O‘I"‘% Wilea Conglerny Veloci+y D\L’V 9 F /}*Nk (.




:D'\_P&uq.o'\ A Mo"o'\U("J, (1_1).”“"\‘..0"\
- foveauf gravity () Sthesieal pavhels of S adivs ¥

(¢ WO Viw Undex fhe «fd-«a.

\J 1560 U d<

) ﬁ o a-caw'nj n o Aqud

_ - Chokes d00” L

= (7(1'[? J, Coefficent oF ) o
' V-scosil-a
When 4his extvna| (—'uca-
Ioa[amces loe Yy §Cous J«aa, Ahen
e \:a-s-hlc.]q movey WItH +he
- Yo
C.o-.\gGam( \Iz(od(\d Vo {- 67\1’\’(‘
Teg v s the Mumbkes of l’“’f-“*clts e = (;PKT?_—_‘\

l:e; Uni 4 Volume  thew YV, » ha- [

(\2* umit bwe ::> -\)(Z
SKQT

\‘J axbLleg \Dacuna (’l\{n.‘d, o unl‘: aree



v )
_DL S Fiek's Sad ("G\Tﬁk LMO) \ _ _g S ,(qf(g Aue 4o afavikz,
X

dK :Dao.ﬁus.on
\) G}Q(AAS'\‘\Y‘ G\M” . CGCJ‘FU.Q”E BOI"LMR\M« A;S“T\.LUFOY!
S e of pateles b ""‘t."‘""_\ of J (Density)

Ne [D=kaT8\ ¢ Jaton




Detesmmation aﬁ AvQﬁquo s nmumbevr °
- [

D-_-_R.T _—

‘,\’,; ”TP
5z (RT g (_‘/-—\i
>\)< = 2k (—a'g\ (TV\-r
9 fo Eind 1\[}5\
E{%uimww\‘a"

Con be \ML’\(‘”K"L

T(% kn vwn —{—ﬂf Lquds

) = [o%

x+H =20k

L
Ax



A-{- +4he siyﬁrg I:»o«-kck Lov ol

1 ~

—

lo

)
<]
o

|

ty,

j/- Fosce
miy = (mTY (Werthm’s "1““4'"’)
R
_6RYtr
=T b0 = E\
(A ,
An (:U/U-)) -~ _%“ + P[aﬂm‘-\m..:m
foaf‘l-mle,_(
N1
Anlo ’«-95'-11 ty. A= 2 Cx1b Cm

g15¢

rtso-a( P
(_h/od:@f)

by =3 -1 S,

/o wm=2£X107"%

b

i

Ni“k'-n \lbfa Shov fwme he bo\(J—imlq 'Mof‘\k > Tn Tl i o |,
(pm‘,(ehdxr [ries vh 9ongpnagl Voo +y does not °~H> Ay



[q0%
[argexin €4"
Paaf Lovgein”

Y Candom {unc’nov\

_5  Yandem kacke
6('-(~nmc

{Fl)=o

tm-jc’:_ST‘(lf';c-l-F(H
Mulhiplying both Sides & =
M X

> Xx =

H\
ﬁ
0 ..

+

3|-
o
gt

-

= Nose

[F®OFW)™ 2C5 ()

x =V

)('\J ﬁlﬁ—

it



, °d « V i '
Lo 5= L xF
S w -y =- P o
P s Y y Q-
= xXv @y = -0 + 2 xEt)
7 1" 2(,1) :-r'x:- + __-)c F (£ -5> ,["QC‘J _9(4x >z

Tak.‘na the avevages on both & :leS
E(0)

T T LA

N L«)“’?
S ‘lg
™m

Zo,-ro K Fost ¥an

ord O
¥ on b

foves o)



ELL{’)::
A"’ L.,.y> T r %(-57 ’Lkﬁu;' =0 Le‘l', at j’
U

j(—\—l’ht ~e=0
LL{-) r'\j,-c, f_,?}' Lpo{— .&e{\h&—\u\

'\(' | (Le _rll' _ /{;6)
. Qﬂ/;m\ = he -7



rpesy=Ae
_ ¢ +_A/&'M.
S 4= hooon
Ao
C %
ﬁLﬂ r
begyredry A gfﬂ"’u'
(& LB
,F’c'\&'
C A e o
L;{“); ’r{‘"{’ /f‘ ,/(‘
YN = l.""A—-
&) i3

n-\n—
[



() =2 2
LSy 2ke T
p v (1
20



Lyo (Shovt £im e Lowd)
o m MR
() = WT - T (p- 2 ATE o )

m r\"' 7
v ~
& X

:zg/k’z%ﬁ’c y T

n r m _ /A N
I /
J

v : : " {h a‘frl\/’e“
" BRal)ishc

Q TQSCUS'&B Lim k)

\) Di ﬂ:ux'l ve

A Lauacw.h c\,QQLﬂicm Withoulk- (hevho Ula«a

G'Arl-s +~ = F&) — (Xq'>"’



EQ‘]&_\,’,M behween FHig Yandom an d the visCous fovce

, wvahion
{aqac\/hq S{i _ 4= <V Feb)
dt ™ m
v __py+ 2
P m
[ 47 (yom Ld‘ﬂ\ Scl,es b \7
\9'-1—{? == w )
~ v
dt

The Frﬂc'('ua{-'-n-d'c“i'm-ﬁn fheovem (FoT)
WM

M= {Anx
c‘ v_ dv
acV - VT
2 Ry F(E\>



t
N : £
N j'\’i(f’lét’ - ) -V(-a)y S V(t) = V(E-4%) +fu’(t’)4+’

e t-4¢

M‘*‘"‘*’f\a-ma both crdes by F@) ard k\:wa

{F(")'\J(H> (F(l)\l((' Al—\) 4_/0:_(”\)((,))‘“

é -4t
2/

f—

o |[ag HQWIODI—J o
[ Lax(vey l'\(hh(' \)U‘ -4¢)
f-4t (& has no d e ber

an bhe —g-d'u« {luchu«:(\v\r

fovce)

oves ‘\3 Q

l— -
LFovm) = [(Fav )t
o



<F(t)\J(H> = TU w)F(H} 17
f-4¢

1,
- p ($7) cH./
J £ (-Pue) «E92) PO

}-ab L
v p 1 / "(E))J\’/
_ —r'gLvu'\F(*W“ o K(H")(

{,Af\/\z/l 1-4t

t/ic fhe eoctliex Fime (¢+)
Fhe Gl"‘h“&iha— .faﬂe. N de ben dantt

) ‘FN Which .
» e inbegand 1S



_ 1 (¥ ,
(S FW®) = 7[ { FOFE) dk

1-Ak

We assuwe that [F(t). g a—wmv, in bwe.

-TMS meavg +h 2 Value 12 int&aw&] dﬂl-QV“\S
dn  bhe diflenene .t/ hbus not ©n b and-
v t'n&'w‘lb.aall‘az.

{ +At

<‘\)(t) F(,ﬂ? - %J( F U;) F(e,)‘7&{. /
-At

t44b

|
= e J <F(k\ F(H—K)) s
t-at

_ 1
~ 2m

!

"l ’l,l’r'iq_ 42.

Y

Az b= oA/
(‘A'mt frang [atian

ih VaYiance)

@ Gince 4t D (t-€=2£)

Ne (.uk dt~ Q
@ N thout o |
[osr u[, tﬂwbla’

b =ts Welwt=2

+-0
f { Floy F(3)) 4%
-



Ne hall I
L) P 55 (VI FE)

'/“é/ (v +E (o
13T o =-2"ItL Z;./(Fco)Fm)cL/{
S T —'e0

QFIM@M-FM ’D'l&(\{pa.{-iun theare m)

Ralana bet” D'osci‘m%cm X, [luctradion

-—

20 L



40 C,/
"= ?-kJ [u GuY =

_©

(F@fw) = e S &) ‘(‘m“:‘

/ = £TNT gTm
/= MhyTm = 2205

Specat fen 70T
{ o
FoFed) = 1(kgT (-t o N =T N
Q ¥ Fckon Gagprets




%1@{“'\&1\ N\d("‘m “n Vvelou S‘?mo
E)
) 1 C‘“d’(&f\'\gkﬂ.

QQCQ,\\) W “\Q -of X\Y\G\-Q— /%‘Vace
£ b () §(a) 82 NS DR
g\;ﬁ\\.kt\ = K A ke shoce
~ W - - U&-G“
DK sns DRSO
\9 (_aé,c/ = v} ,;v ‘3\ "»\‘ » SQR
olosty St o N



L& T 3¢
. o L
g&\?,‘c\-\*"ﬁéﬂg iy > S
- KO | e .
- X \\1\’\ o LAY 6k (-r
SINE AL AN ey
AR ’\/ ) © \ — 40
$ (\w)’c\ L aSTE &3 L \ g“‘f (v,4) =
2 a_ w8y ”o
PP TCELL A AN
0 MX
P N " (_B/ &(«‘CJ\%) ib é?b’ )
QWS = g@,s«\ & — 3V 4D
00 v AV‘&&Q‘A\ AA‘X
_ 0 Y +%/"\§N'“ -
) 5V s
+
D A;w.h\‘ﬂ



\
M' V) ‘((\J,k) 't’;%—; M?a(,\)‘f(\’/ t) 3 F’okkp_-c-Y(O.'nds,

"L"" 2o unfion .
D{H:;?m Qn \Idod\"at\
C«,\Mﬁn Qg MLW)
R e
t
3 vy =- de ¥ 5%2&{7
T rdegrnk~, bet" ¥ ond T bee /
i rvl 4 (FM*
~ m
(\mn) -V (%)) LeT e N =T
( )
A =-TVT TR\ Elau {47 _ v
t LV P Y\(—!'



Coluwdabion ML %

SorvT e [FOS

—-—

t ++T .
v V v v ,'_1rl-\)‘t FC{/)JL, + C,k(U
N =+ VR —’F'f

¥ [ected (FUO>;O



£+
(&) =4 j s (i F @R

t 4 [+ Lt
2¢ Pe/ Sdt” ¢ (¢4)
9%

- L

- m
¢ ¢
N 2eT
ZA) - mY
n
7 1 u(\d'nc (_,.Q’
(or o ¢ e it



c['\) _ FV"'JVWFH-)
b

j’n&eqdz «w\a, Infegwding 'f"d“ {,

VORI L A QM

__Fé)") e % utl 2
<b)p).-\)(°)<z - -/w-.’:
o o L r'ar*e/r)
L r ¢!
_ ed_?—,l# J’f/ [&‘ / 2, Zc/g(’k—k)
T
o 0 ¢ 9 e/ l—'
t 4 el
20 &, _ )< - 2
_ 2C'°52re(6 o= =rh
™
2t
O e N = <o (i~ )






g1ﬂn'.an MO'GO" o P\"OSQ S\MLQ“’ Un)erc a _Ro—icll %1 AL

qa, &og‘.k'\ on k% Mmomertum

G,= 3 +RINT b = b+ KT ,
E S Deciyakive
G of o f,.yte»iwl
£ (e A8 E) “oer
(&(\D_A qﬂq)(lo 5,98 A
_0
L.t S
- floe) s et 2
R. \'\g +9 ’B_E 1
- By A, L) - 4
g(F( ] fTT) (fhen) ) s

-



40

) "6 [A(hg,a) da
- {(bsqﬂk\ g// (7] - %'V[F)IL cﬁ(', ‘1/,4 3\}
Y L A
3

+N
N b9 4) dA
e *ct (P a,8) 48 - 3—‘;[%33 A 4




9{:(’[‘\’;” _ —‘g—c_\, {_'a,C N (1) _ ’ [{\)‘F(IVH] +*k‘,r .('— W, k)
o 'a‘: - pP oV
| (|
\
Cl'ﬂ(g(ulncl(
",d l,hg gu«'-\ln‘t
Mh
J whbwum [ Steady State
Z—E-:.O-—) Eﬁ,lbulla Ghec“‘({l\lckl
A
_(5YTHVO) sl
flov = ‘é‘ . T Mol =5+
| -PR (Botkmen Digheniion)



K“ amer s’ /Tf\u“y Of Qchvale d Icfacecses‘.

—_———— W\/_J(:I\ﬁ-/\~

"
Chemical Reockion "

)(ﬁ—) Reockont Ctote

E == \/b“'VA
{ Xe > Produek S Kodea
AQFVmJCm Xg Bosvier -kOP
Q”ﬁ‘(aa.
)
/ -
x ( Reockon Co -0vdinate)

We wart 4o Calaulafe the Steady Stare tote Lrom A %o C

o Huak < shale Current
% Gpakoraay Stuaken 3 ceady Shode cutent

f(x,9.¢) P(x,9,%) >P

— =0

ot



QgD )

[’ 20+ V@ W]+ (kTR ] Pl = |

oV P(- ) 0 “I vearbed [: ba T

nvey ova ba(an

At 4he Bowrer fop

v

V()= V(Xg) -I—f‘;a ) (x-xg) +é’é§;; (x-7) +- -~
X=Yg X=Xg

0 0
Vxy = V&) — lz-ug’ (x-Xg) U(x) = V(%) % 0= %A)
¥R x=x,
Neas the boHom well; we 4. ave QawLibnuw. ‘l','?;—k—- U‘*"fk)'y
LoXx¥)x =¥
('—v"+ \l(ﬂ) ok '
e XR%p V(x)=V(xa) + é wp (- XA)

P(‘xs\,) :-‘2-: <



PO\bulajciav i he el A

J’D r®
No. = gax TERICAD
'n 'Q
ThQ Q'\'.Q‘ula H:ﬁ(’.Q Kfamus 'fa.:tl

is 4. _d
’ 6.”& b} kA-aC" /4‘&

Cafealaton "f 3

[Ne Corshuck

FIUX J avey tha ‘orvriey
*GO




A‘Fff" Qa L Hle 6.F oc Ctlgdn"'os

[—V%— {UB (x-x3) 1-{\! T’Y/L& aw_]?(""’) =0

Q) =L incide fhe el x <%
=0 bevyond 1he boorn oy
§oov 1 op 8, XD g
Ne use the 'rallmdina Linear ‘f-’ov\(fa-makuv\

u=V-+ (1- Xg) a IS oCrrshoni 4o be

detoswined Lo€er

. 0
) Jv

[ \}GL_ -—5&5 (x-%g) .l.‘(u}-_ +ﬂu;r )(s(xu).—o

2 _a
on

=
e

-
-



'Y&-r-')rs_ _ [‘*’B‘V(«x;‘&\ +XV +qv13?% i

owuv

4 -~ Conflont (fo be J.ﬂf-ﬁmfno.i)
Lee W Lemp) +Y(Yr)z-Aw AEE

é'n\ce wsVJ+6(X-%g)

y () = SYNVED (- %s)

u)')' ;C-ig -

3(, QKV—PbX‘\—C’O
—%‘;’-"‘g 2 o b JEan
a+ = = o 2 o.
o4z =2




VT e

[y (r-xg ) # V(& 0)3% =0

ouv
-a‘V
YT 3% 2w o Vher 2L == Nu
Lef 3% > (4 22 _Quu
ou ! Y kgT
S“""‘” 0\-".‘0(\
/h\’ o 'x u‘y + X.h EK con ae ‘hke_af
YT Hot
v - We lok o 2 cf,f, bt fe obove o
- ) - )
'\( - Fz Q(F( —Z-Tk"? \Iﬁhl(l‘?f\ ’::gn;.xh F,\.f{f 91 all |u|9
i\stza"“
s : Q
M - imblies M
‘%(u):Fz, Q;da (“)u Tﬁ" '“k :

. ¢
NQ,EQ N Shdw\é' be
Q

-
--We
o~ chose”



_ =X _ V.1 caokide ook
a =2 = V) +ue (ege

- - o \x-Xg)
Ngu Hhen X =0 U=~ 0 u=v+al

yan GO 50 ( S?o“v;@\b]

D

), dw -0
0: Fj_ +FL JQ‘*%K _Zﬁa; b7,
D
? i Wy, =T Qf—*i@
_ Ou(a k__,).“l Yeu = _i. g‘“‘('&’ 2( kT 2 . s
- .l o\
Fie B st ) F, ()



Py
_E [W [u(- &u],c u[,k__ (*49"+ V(%) - “;’;;(x-n):\)
RgT
_ [RXker
{then of XN-‘KB C-\lj

~e | - &=
)| a5 + et







—+N '\7Y

)= F‘)_u\"t-\-l—('@ (‘e"'\ R?{%)Q’ T v

- () | RO

+60
o
V" v 2 ’);\;—
then  F - zﬁ}:(] m}\ Jeq-[ Zk_;r(‘}’ )

aVv )

‘I'L

| = F, exp &,_\I(m) ) (™) \)’/Z,m/’::

6, (U2 ) B T




G:.\U.da\’mo ’?oleud-edc\on No-

FT)

‘(.00

Mo = g ix 5¢w £ L)
J o0 o0

V (r)= V) + 28 o x)”

' %(—x.v)

L d

=ﬁ[(

ho

A

2

L
ChaT \*

/ -

P(26v) = g(f\V) e*l-[

200

la %
W N

' _ak
Yk;«")i + fg Wk T ‘Lu]

o .

2)

Lvve)
ke T

|



e Fy () e (N2 (oo (L)

| 2/ _VOw)

e - F, e L) etV
VO /e a’/7_ /\1

- p, e o ()

(tg) -V A

- ) —

kA%Q ;‘: - K—/{"ﬁ 97%



! l/
e Fy (TR (PR Comen) ™ ()

o)
Mo = F, &27:;?\/%(__5 (\%")

N OB e Q’"’»T z‘K) Qﬂj’ ) z,r
.J - FL itV A0

\
- Tz ) @«\f\-/k.::
Rase = 2= K/\ T
Na. Sc‘ 9\_‘04(

\he “"{\ o~
A\l



T
- ,\a\ﬁ{ -
e B R
B 2
oo o B
== = Sy y
Y - _
| (“{/NW\ - UA%W)
= v v . va
(Y- (-
| - B
s §M‘ o ) k= Wh_ \\“‘/ﬁ ) +WE ) z,c(v\_ /kg’)
Cu e Kromexs < ok % - (2,\-% /-/\A _
e kner foo 16k ocdar Tote content k = AQ—F«M\' E Pres PP

One Coawn C-W'ﬁ‘*“"- A%k*’h,“)&f(\ :



1AW
/Swm“ visc st )
V)
Wy

k= Q’“‘/N(%”W ) @ T {-3
W

Neo, ‘{ao  fow }{r'«c\'\"“

- kTS’\— (T“&h('l tion Slote "
X ea¥ vate) X ,EAT
s Rrsr = Ql‘- Q
T "UH> . P‘L é 2N
6 ANSMISSION Gdlic £ e§ boun
k_ k K/ 0’5{ - {0 the 6’0 dicc: bok
TST Fate ” iss: pakiom)
4& [ Ne - ‘TQC-(ogg,;,a
- 0 4
K"{Im“' \%2) +% ) K TsT
M“X\‘hum ‘0‘%_‘“““ 1

f’cﬂw'- ble Yafo



3
{5 henge. AR .
l it 4
. [_«(/l (%) = }
¢ T hnge
[
L1~ :
wa[ /2_[,\%(\4,,«,)347;)
‘ >
- _"/’r“/ +/U34;‘ ___Lwé E
(/3 ?— s
k‘(-}% o = "2’\_‘:’&9: /\'{F' B /a, - 7 R v
Y f\)‘fu’ceml-?rvm






