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Ensemble
The concept of an ensemble is a brilliant mental construct

System must have a large number of microscopic states (positions and momenta), and natural 
motion of system at non-zero temperature takes the system through a finite fraction of these 
states in a time comparable to  time of measurement of the macroscopic properties.
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In the following we discuss the primarily used ensembles and the associated expres-
sions leading to thermodynamic quantities.

5.2  Microcanonical Ensemble

This can be called the “mother of all ensembles” as all other ensembles are developed from 
this one. As we mentioned earlier, one of the two basic postulates of Statistical Mechanics, 
the equal a priori probability, is made for and valid in an NVE ensemble. In fact Boltzmann’s 
entropy formula is also derived in the NVE ensemble. All thermodynamical and statistical 
mechanical derivations and justi!cations follow from Boltzmann’s formula.

Clearly, this ensemble is the most restrictive of all ensembles. All the members of this 
ensemble have total number of particles (N), total volume (V) and total energy (E) !xed. 
Let us illustrate the ensemble with a simple example. Let us consider a system that is com-
posed of four non-interacting particles and each particle can acquire one of the four energy 
states 0, 1, 2, 3 of the system. The energy of the total system is kept !xed at a constant value 
of 8 units. The population distribution in this system can be represented by the following 
diagram.

Now the number of ways (Ω) that these four particles can be arranged in four different 
energy levels in such a way that the total energy of the system remains constant at 8, is 
exactly four for indistinguishable particles (as shown in Figure 5.3). However, if the par-
ticles are distinguishable, the number of ways one can satisfy the constraint of E = 8 shall 
be much more.

The quantity Ω, i.e., the total number of ways a NVE system can be realized. That is, Ω(N, 
V, E) is the total number of microscopic states in the ensemble at a !xed energy and serves 
as the most fundamental quantity in microcanonical ensemble.

Now we discuss an important point—important to all of Statistical Mechanics. When 
the size of the system is macroscopic, that is to say that the number of particles is of the 
order of Avogadro’s number and volume and energy, being extensive properties, are also 
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FIGURE 5.2
A schematic diagram of evolution of all the ensembles and their interconnections. Notice that the differ-
ent ensembles can be realized by replacing one or more extensive variables by the conjugate intensive ones. 
Mathematically the partition functions are related by Laplace transformations.
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macroscopic (having increased proportionately), we have a huge number of microscopic 
states. That is, the volume of phase space is large. As the number of systems in our ensem-
ble is also large, a large portion of the phase space should be occupied. At constant energy, 
all states are equally likely to be occupied, but a signi!cant number of them need to be 
occupied in the (NVE) ensemble, for the subsequent discussion to hold. In Figure 5.4 we 
show a schematic representation of isolated systems in microcanonical ensemble.

Now, as energy is same for all quantum states, the probability that a system chosen ran-
domly from the ensemble would be in a given microstate is simply Pj = 1/Ω(N, V, E).

We now de!ne entropy, which is given by the following expression

 S k P PB j j

j

= − ∑ ln  (5.1)

This expression is popularly known as Shannon’s entropy and has its roots in the infor-
mation theory. In case of microcanonical ensemble, we obtain,
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FIGURE 5.3
Diagrammatic representation of the number of possible ways that four particles can be arranged among four 
energy levels (0, 1, 2, 3) keeping the total energy !xed at a constant value of 8. The red arrows (not to be confused 
with spins) indicate a particle and horizontal lines energy levels. This schematic illustration seems to give the 
impression of particles that are arranged in quantum systems, but this is meant to be a general representation 
where energy level spacing need not be constant. The four arrangements can be described by the following quanti-
tative fashion. (a) n0 = 1, n1 = 0, n2 = 1, n3 = 2, (b) n0 = 0, n1 = 1, n2 = 2, n3 = 0, (c) n0 = 0, n1 = 0, n2 = 4, n3 = 0, (d) n0 = 0, n1 = 
2, n2 = 0, n3 = 2. According to the second postulate of Statistical Mechanics, all the arrangements are equally likely.
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FIGURE 5.4
A microcanonical ensemble consists of mental replicas of the original (NVE) system.

A microcanonical ensemble consists of mental 
replicas of the original (NVE) system (Isolated System)
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shown in Figure 5.5, which shows a schematic illustration of a super-system mentioned 
above. We need to remember that our interest remains our original (NVT) system.

Although the entire ensemble comprises of a large collection of microcanonical systems, 
each system replica of our original system has the same value of V and T but not the same 
energy. Thus each replica of the canonical ensemble will be distributed over all the available 
energy levels. Let us understand such an ensemble by the following illustrative example.

Let us consider again a system of four non-interacting particles being able to choose one 
of the four energy states 0, 1, 2, 3. But this time they can populate a distribution of total 
energies, having values of 6, 8, and 10 units respectively (Figure 5.6). Earlier, energy was 
kept !xed at 8 units. The two additional energies (6 and 10) can be considered as a "uctua-
tion due to the interaction of the heat bath that maintains constant temperature T.

The number of possible arrangements of these four indistinguishable particles with total 
energies 6, 8, and 10 units respectively is shown in Figure 5.6—we can easily calculate the 
enhanced number of microstates if the particles are distinguishable.

Note that the number of ways of arranging the particles (Ω) is different for each energy state. 
Since the energy of the individual system is not conserved (although that of the super-
system is), the average thermodynamics properties calculated for this ensemble has to be 
weighted by a factor, which is the probability of !nding a system in a particular energy 
state. We discuss the detailed formulation as follows.

It is vital to note that all the microscopic states (given by a set {ni}) with the same energy are 
equally likely. Thus, all the four arrangements with E=8 are equally likely. However, the states with 
different energies have different probability and they contribute differently to the overall observed 
macroscopic property of the system. It is therefore important to !nd out the probability of a state 
with a given energy. This is given by the Boltzmann distribution as shown below. The num-
ber of arrangements with the same total energy is the degeneracy of the system.

Now, in the subsequent discussions, we shall substitute systems of our super microca-
nonical system for particles. These systems (with constant N, V, and T) are replicas of our 
original system and will be distributed among various permissible energy levels. These 
permissible energy levels are determined by system and bath together. As the bath essen-
tially determines the temperature, the energy levels re"ect certain basic features of the 
system, and are a consequence of the intermolecular interactions among the molecules of 
the system.

As we have formed an isolated super-system with constant total energy, the complete 
microscopic state where the occupation numbers of energy levels of different systems (with 
different energies) are different, has the same probability, irrespective of the differences 
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FIGURE 5.5
Schematic representation of canonical ensemble where energy of each system can "uctuate. The systems are, 
however, kept at !xed temperature T by putting the super-system in a bath and establishing thermal contacts 
between the individual systems. So, each system (little boxes) are at !xed N, V, T but different energy.Canonical ensemble, where energy of each system can fluctuate. The systems are kept at 

temperature T by putting the super-system in a bath and establishing thermal contacts 
between the individual systems
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in individual system energy. Thus, we have a two-tier description. (i) That speci!ed by 
the energy of the individual systems. That is, the !rst system has energy E1; the second 
system has energy E2, etc. We need to group together and de!ne a distribution that gives 
the number of systems that lie between say energy Ej and Ej + dE. (ii) In the second tier of 
description, a given system with energy Ej itself has a number of microscopic states that 
conform to this energy. Here we work at the !rst tier.

Let us now denote by nj the number of systems in the energy level Ej in our super-system 
(that consists of replicas of our original system). Clearly, nj together form a distribution—
so we shall sometime put curly brackets {nj} to denote the same. However, there are restric-
tions on this distribution. They must obey the two following conditions

 n Nj S

j

=∑  (5.12)

 n E Ej j t

j

=∑  (5.13)

where nj is the number of systems (in the ensemble) that occupies energy state Ej (that is, Ej 
is the energy of the j-th energy level of the original [NVT] system). Let us assume that we 
have a pre-assigned total ensemble energy, Et. We want to !nd the distribution of energy, P(Ej).

Note that Et is substantially large. As mentioned already, the reason for the above con-
struction of the isolated super-system is that we can now apply the hypothesis of equal a 
priori probability: each micro state with same Et, total !xed volume and total !xed number 
of particles is equally probable. Note that a microstate of the super-system is given by a par-
ticular realization of the set {nj}. We can then use methods of statistics to !nd the probability 
distribution.
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FIGURE 5.6
Distribution of particles in a canonical ensemble having the set of energy values as E1 = 6, E2 = 8 and E3 = 10. 
As explained in the caption of Figure 5.3, the arrows indicate particles and horizontal lines the energy levels.
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5.7  Grand Canonical Ensemble

As the name signi!es, grand canonical ensemble plays a pivotal role in understanding of 
natural phenomena by science. In this ensemble we allow exchange of particles, by intro-
ducing chemical potential μ. Now the number of particles in the system can "uctuate or 
vary during a process. This is (μ, V, T) or Grand Canonical Ensemble (GCE). Subsequent 
analysis follows the same route as the canonical partition function case. In this case we 
!rst construct the grand canonical ensemble by putting the mental replicas of the (μ, V, T) 
system in a large bath which is not only open to exchange of energy but also to the number 
of molecules. Each system is characterized by constant volume V, constant temperature 
T and constant chemical potential μ, but can have different energy and different number 
Ni of molecules. Just as in the case of canonical ensemble, we put these systems in contact 
with each other where the walls separating them permit exchange of energy and mol-
ecules. This system of ensembles itself is put in a large heat and number bath. After equi-
librium is reached, we put insulation around the whole ensemble such that no exchange of 
energy and number is possible. That is, we again construct a big microcanonical system.

This microcanonical system of ensembles consists of a large number of replicas of each 
other and together they constitute our grand canonical ensemble. The systems of our grand 
canonical ensemble are all characterized by the same V, T, and ȝ (as shown in Figure 5.7). 
However, these systems may all be characterized by a different amount of energy and 
different number of molecules. Let us denote the number of systems with energy Ej and 
number of molecules N by nj(N). That is, nj(N) is a distribution and we again have to !nd 
the distribution that maximizes the total number of microstates Ω({nj(N)}) which is given 
by a similar multinomial expression.

The difference is that now Ω({nj(N)}) needs to be maximized with three constrains: total 
number of systems, total energy (Etot) and total number of molecules in our great microca-
nonical system. The same exercise as carried out before leads to the following expression 
for the most probable distribution
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FIGURE 5.7
Schematic illustration of grand canonical ensemble where the systems are kept at !xed temperature T and 
chemical potential ȝ by putting the super-system in a heat bath and particle bath respectively and establishing 
thermal contacts between the individual systems.
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Problem Set

 1. Consider a system of N particles. Each particle can occupy only three discrete 
states of energies 0, İ and 2İ. The system is kept at a !xed temperature T. Write 
the partition function of the system assuming they obey Maxwell-Boltzmann 
statistics:

 a. if the particles are distinguishable.
 b. if the particles are indistinguishable.
 c. Derive an expression for the entropy and heat capacity of the system at con-

stant volume. Plot Cv vs. T qualitatively.
 2. Consider a system of N number of two level sub-systems in thermal equilibrium 

with each other. Each system has only two states, 0 and İ. First !nd out the prob-
ability that a given sub-system can be found in the excited state. Next consider the 
whole system of N sub-systems. Derive an expression for the entropy (S) and pres-
sure (P) for the entire system. Calculate the value of S at the limit T→0 and T→∞. 
Also plot S vs. T. What can you conclude from the results?

Grand-canonical ensemble
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DEPARTMENT OF CHEMISTRY
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Statistical Mechanics (Code: CH 576)
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1. The ensemble average of a function B(p, q) is given by

〈B〉 =
∫

dΓ ρ(p, q, t)B(p, q)

Show
d

dt
〈B〉 = 〈{B,H}〉,

where p and q represent momenta and position in 6N dimensional phase space, integration is
over the phase space co-ordinates (momenta and positions) and H is the Hamiltonian of the
classical system.

Answer: dΓ =
∏N

i=1 d
3qid3pi.

The ensemble average of a function B(p, q) can be expressed as

〈B〉 =
∫

dΓ ρ(p, q, t)B(p, q).

Therefore,
d

dt
〈B〉 =

∫
dΓB(p, q)

∂

∂t
ρ(p, q, t), (1)

as ∂
∂tB(p, q) = 0. Using the Liouville equation,

∂

∂t
ρ(p, q, t) + {ρ, H} = 0,

where

{, H} =
3N∑

i=1

(
∂H

∂pi

∂

∂qi
− ∂H

∂qi

∂

∂pi

)
,

one can explicitly write Eq. (1) as

d

dt
〈B〉 = −

∫
dΓB(p, q)

3N∑

i=1

(
∂H

∂pi

∂ρ

∂qi
− ∂H

∂qi

∂ρ

∂pi

)
. (2)

Doing the integration by parts in Eq. (2) and then taking boundary terms as zero, one can
arrive at

d

dt
〈B〉 =

∫
dΓ ρ(p, q)

3N∑

i=1

(
∂H

∂pi

∂B

∂qi
− ∂H

∂qi

∂B

∂pi

)
+

!!!!!!!!!!!!!!!!!!!!"0
∫

dΓ ρ(p, q)
3N∑

i=1

B

(
∂

∂pi

∂H

∂qi
− ∂

∂qi

∂H

∂pi

)

= 〈{B,H}〉. (3)

Please go on to the next page. . .
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2. For a classical “N” particle system, let other than the Hamiltonian the angular momentum
(ln) is also conserved. Then show mathematically that dln

dt = 0.

Answer: As both the Hamiltonian (H) and the angular momentum (ln) are conserved, {H, ln} =
0. We know, ln = ln({pi}, {qi}). Therefore,

dln
dt

=
3N∑

i=1

(
∂ln
∂qi

dqi
dt

+
∂ln
∂pi

dpi
dt

)

Using relations, dqi
dt = q̇i =

∂H
∂pi

and dpi
dt = ṗi = −∂H

∂qi
, one can rewrite the above equation as

dln
dt

=
3N∑

i=1

(
∂ln
∂qi

∂H

∂pi
− ∂ln

∂pi

∂H

∂qi

)
= {ln, H} = 0. (4)

3. For a single particle subjected to a potential V (q), write down the action, A[q(t)], where
A[q(t)] =

∫ tb
ta

dtL(q, q̇)), and L(q, q̇) is the Lagrangian of the system. Show that the extremization
of this action results the Newton’s equation of motion.

Answer: The action is given by

A[q(t)] =

∫ tb

ta

dtL(q, q̇)).

The extremization of action, i.e., δA = 0 leads to the Euler–Lagrange equation,

∂L

∂q
− d

dt

(
∂L

∂q̇

)
= 0. (5)

For a single particle of mass m subjected to a potential V (q), the action is given by

L(q, q̇) =
m

2
q̇2 − V (q).

So using Eq. (5), one gets
mq̈ = −V ′(q),

which is the Newton’s equation of motion.

4. For a free particle, the Lagrangian, L = m
2 q̇

2. Show that the action Aq corresponding to the
classical motion of a free particle is

Aq =
m

2

(qb − qa)2

(tb − ta)
,

where end points are qa and qb at time ta and tb, respectively.

Answer: For a free particle, the Lagrangian is L = m
2 q̇

2. So the action is given by A[q(t)] =
m
2

∫ tb
ta

dt q̇2. Using the Euler–Lagrange equation given in Eq. (5), one finds mq̈cl = 0, which is

Please go on to the next page. . .
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the equation for classical motion followed by the particle. From this, we have q̇cl = constant =
(qb − qa)/(tb − ta). Putting the value of q̇cl in the expression of action, one gets

Aq = A[q(t)]q(t)=qcl =
m

2

(qb − qa)2

(tb − ta)
.

5. For a harmonic oscillator, the Lagrangian, L = m
2 (q̇

2 −ω2q2). Show that the classical action is

Aq =
mω

2 sinωT

[
(q2b + q2a) cosωT − 2qaqb

]
,

where T = tb − ta.

Answer: The Lagrangian for a harmonic oscillator is given by L = m
2 (q̇

2 − ω2q2). So by virtue
of Eq. (5), one can find the equation of motion for the classical trajectory, which is given as

q̈cl + ω2qcl = 0.

The general solution of the above equation is: qcl(t) = c1sinωt + c2cosωt. The boundary
conditions are: qcl(t)|t=tb = qb and qcl(t)|t=ta = qa. Using them, one can get the following
matrix equation for c1, c2:

[
sinωtb cosωtb
sinωta cosωta

] [
c1
c2

]
=

[
qb
qa

]
=⇒

[
c1
c2

]
=

[
sinωtb cosωtb
sinωta cosωtb

]−1 [
qb
qa

]
. (6)

Doing the matrix calculation, one obtains, c1 = −qa
cosωtb
sinωT +qb

cosωta
sinωT and c2 = qa

sinωtb
sinωT −qb

sinωta
sinωT ,

where T = tb − ta. Therefore the classical action can be calculated as

Aq =
m

2

∫ tb

ta

dt
(
q̇2cl − ω2q2cl

)
=

mω

2 sinωT

[
(q2b + q2a) cosωT − 2qaqb

]

Detailed mathematical Steps:

m

2

∫ tb

ta

dtq̇2cl =
m

2
[q(t)clq̇cl(t)]

t=tb
t=ta −

m

2

∫ tb

ta

dtqcl(t)q̈cl(t)

=
m

2
[qcl(t)q̇cl(t)]

t=tb
t=ta −

mω2

2

∫ tb

ta

dtqcl(t)qcl(t)

(7)

Therefore,

m

2

∫ tb

ta

dt
(
q̇2cl − ω2q2cl

)

=
m

2
[qcl(t)q̇cl(t)]

t=tb
t=ta

=
m

2
[qb(c1ω cosωtb − c2ω sinωtb)− qa(c1ω cosωta − c2ω sinωta)]

=
mω

2

[
q2b

(
cosωtbcosωta

sinωT
+

sinωtbsinωta
sinωT

)
+ q2a

(
cosωtbcosωta

sinωT
+

sinωtbsinωta
sinωT

)]

− mω

2

qbqa
sinωT

[
cos2ωtb + sin2ωtb + cos2ωta + sin2ωta

]

=
mω

2 sinωT

[
(q2b + q2a) cosωT − 2qaqb

]
(8)

Please go on to the next page. . .
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6. The energy levels of a rigid rotor of moment of inertia I are given by

Ej =
!2
2I

j(j + 1),

where j = 0, 1, 2, · · · ;

(i) Using the Boltzmann statistics (with proper degeneracy factor), find an expression for
the thermodynamic internal energy of the system.

(ii) Under what conditions can the sum in the part (i) be approximated by an integral? In
this case evaluate the specific heat Cv of the system.

Answer: For a rigid rotor, the energy of j−th state is

Ej =
!2
2I

j(j + 1),

with degeneracy 2j + 1, where j = 0, 1, 2, · · · . Therefore the partition function is given by

q(T ) =
∞∑

j=0

(2j + 1) e−
β!2
2I j(j+1), (9)

where β = 1/kBT.

The internal energy can be expressed in terms of partition function as Ē = kBT 2
(
∂lnq(T )

∂T

)
.

So using Eq. (9), one has

Ē =kBT
2

(
∂lnq(T )

∂T

)
= kBT

2
∞∑

j=0

(2j + 1)

q(T )

!2
2kBT 2I

j(j + 1) e
− !2

2kBTI j(j+1)

=
∞∑

j=0

Ej
1

q(T )
(2j + 1)e

− !2
2kBTI j(j+1)

. (10)

For heavy molecules or at high temperature, i.e., if kBT " B, where B = !2
2I , then the sum

can be replaced by an integral, and the partition function takes the following form:

lim
kBT/B#1

q(T ) ≈
∫ ∞

0
dj (2j + 1)e−βBj(j+1)

= − 1

βB

∫ ∞

0
d
(
e−βBj(j+1)

)
= kBT/B. (11)

So, Ē = kBT 2
(
∂lnq(T )

∂T

)
= kBT, and molar average internal energy is Ēmolar = NAkBT = RT.

Therefore, Cv = ∂Ē
∂T = R.

Please go on to the next page. . .
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7. The partition function of a crystal can be approximated by

Q =

(
e−hν/2kBT

1− e−hν/2kBT

)3N

e
U0

kBT ,

where hν/kB = ΘE is a constant characteristic of the crystal, and U0 is the sublimation energy
of the crystal. Calculate the heat capacity from this simple partition function and show that
at high temperatures, one obtains the law of Dulong and Petit, namely Cv = 3NkB as T → ∞.
There is a typo in the question.

Answer: The partition function of a crystal can be approximated by

Q =

(
e−hν/2kBT

1− e−hν/kBT

)3N

e
U0

kBT .

Taking hν/kB = ΘE , the above can be rewritten as

Q =

(
e−ΘE/2T

1− e−ΘE/T

)3N

e
U0

kBT , (12)

or, lnQ = −3NΘE/2T − 3N ln(1− e−ΘE/T )+ U0
kBT . So the average internal energy is calculated

using Ē = kBT 2
(
∂lnQ
∂T

)
, as

Ē = 3NkBT
2 ΘE

2T 2
+ 3NkBT

2
ΘE
T 2 e−ΘE/T

(1− e−ΘE/T )
− kBT

2 U0

kBT 2

=
3

2
Nhν +

3Nhνe−ΘE/T

(1− e−ΘE/T )
− U0. (13)

Therefore the heat capacity is given by

Cv =
∂Ē

∂T
= 3NkB

(
ΘE

T

)2 e−ΘE/T

(1− e−ΘE/T )2
. (14)

At high temperature, i.e., for T → ∞, the exponential can be well approximated as e−ΘE/T ≈
1−ΘE/T +O(1/T 2). Applying this, one obtains, Cv ≈ 3NkB

(
ΘE
T

)2
1

(ΘE/T )2 = 3NkB, which

is the mathematical form of the law of Dulong and Petit.

8. Consider a system of N non-interacting harmonic oscillators in three dimension with total
energy E. Show that the microcanonical partition function is given by

Q(N,E) =

(
2πE

3Nh

)3N

e3N
N∏

i=1

1

ω3
i

,

where ωi is the angular frequency of the i−th harmonic oscillator. Then show that the above
partition function is consistent with the relation: E = 3NkBT. (Here, you can use: Γ(3N) ≈
(3N)! ≈ (3N)3Ne−3N .)

Question 8 continues on the next page. . .
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Answer: The Hamiltonian for a system of N non-interacting harmonic oscillators in three-
dimensional space is given by

H =
N∑

i=1

(
p2
i

2mi
+

ki
2
r2i

)
, (15)

where the mass mi and the spring constant ki of the i−th harmonic oscillator are related to the
angular frequency ωi, as ωi =

√
ki/mi. So the microcanonical partition function can expressed

as

Q(N,E) =
E0

h3N

∫
dNp

∫
dNq δ

(
N∑

i=1

(
p2
i

2mi
+

ki
2
r2i

)
− E

)
(16)

The above equation can be rescaled by taking J i = pi/
√
2mi and W i =

√
ki/2 ri, which

makes

H =
N∑

i=1

(
J2

i +W 2
i

)
, (17)

and subsequently, Eq. (16) becomes

Q(N,E) = E0
23N

h3N

N∑

i=1

1

ω3
i

∫
dNJ

∫
dNW δ

(
N∑

i=1

(
J2

i +W 2
i

)
− E

)
. (18)

Now definingR2 =
∑N

i=1

(
J2

i +W 2
i

)
, one can introduce a 6N−dimensional spherical coordinates

consisting of one polar coordinate R and (6N − 1) number of angular coordinates, Ω. Here the
volume element is R6N−1dR d6N−1Ω. Therefore Eq. (18) becomes

Q(N,E) = E0
23N

h3N

N∑

i=1

1

ω3
i

∫
d6N−1Ω

∫
dRR6N−1 δ

(
R2 − E

)
. (19)

Using the formula,
∫
dnω = 2π

n+1
2

Γ(n+1
2 )

along with the relation, δ(R2 − E) = 1
2
√
E
[δ(R −

√
E) +

δ(R+
√
E)] in Eq. (19), one can arrive at

Q(N,E) =
E0

E

23Nπ3N

h3NΓ(3N)
E3N

N∑

i=1

1

ω3
i

. (20)

For large N , using the relation, Γ(3N) ≈ (3N)! ≈ (3N)3Ne−3N , the above can approximated
as

Q(N,E) ≈ E0

E

23Nπ3N

h3N (3N)3N
E3Ne3N

N∑

i=1

1

ω3
i

. (21)

Ignoring the prefactor E0/E and rearranging the terms, we obtain

Q(N,E) =

(
2πE

3Nh

)3N

e3N
N∏

i=1

1

ω3
i

.

Please go on to the next page. . .
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From the Boltzmann’s equation, S = kBlnQ, and the definition of temperature, 1
T = ∂S

∂E , one
can get

1

T
= kB

3N

E
=⇒ E = 3NkBT, (22)

which is consistent with the equipartition theorem.

9. Consider a system consisting of N “indistinguishable”, non-interacting point particles (each of
mass m) with total energy E and volume V. Show that the microcanonical partition function
of this system is

Q(N,V,E) =
1

N !

[
V

h3

(
4πmE

3N

)3/2
]N

e3N/2.

Then derive the equation of state for this system.

Answer: The Hamiltonian for N particles (each of mass m) is

H =
N∑

i=1

p2
i

2m
.

For a system consisting of N particles with total energy E and volume V, the microcanonical
partition function is given by

Q(N,V,E) =
E0

N !h3N

∫
dp1

∫
dp2 · · ·

∫
dpN

∫
dq1

∫
dq2 · · ·

∫
dqN δ

(
N∑

i=1

p2
i

2m
− E

)
, (23)

where
∫
dqi =

∫
dxi
∫
dyi
∫
dzi. The integration over qi is straightforward and can be done

easily as
∫
dqi = V. So Eq. (23) simplifies to

Q(N,V,E) =
E0 V N

N !h3N

∫
dp1

∫
dp2 · · ·

∫
dpN δ

(
N∑

i=1

p2
i

2m
− E

)
. (24)

Taking Φ2
i = p2

i /2m, the above can be rewritten as

Q(N,V,E) =
E0 (2m)3N/2 V N

N !h3N

∫
dΦ1

∫
dΦ2 · · ·

∫
dΦN δ

(
N∑

i=1

Φ2
i − E

)
. (25)

Eq. (25) can calculated in an easier way if it is to be done in the polar coordinate. For that, we
take, r2 =

∑N
i=1Φ

2
i , where r is the radial coordinate of a 3N−dimensional spherical coordinates

with (3N − 1) number of angular coordinates (ω). So the volume element is r3N−1dr d3N−1ω.
Now we can express Eq. (25) as

Q(N,V,E) =
E0 (2m)3N/2 V N

N !h3N

∫
d3N−1ω

∫ ∞

0
dr r3N−1δ

(
r2 − E

)
. (26)

Please go on to the next page. . .
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Using the formula,
∫
dnω = 2π

n+1
2

Γ(n+1
2 )

, where Γ(n) =
∫∞
0 dy yn−1e−y, one can perform the

integration over ω, which transforms Eq. (26) to

Q(N,V,E) =
E0 (2m)3N/2 2π3N/2 V N

N !h3NΓ(3N/2)

∫ ∞

0
dr r3N−1δ

(
r2 − E

)

=
E0 (2m)3N/2 2π3N/2 V N

N !h3NΓ(3N/2)

∫ ∞

0
dr r3N−1 1

2
√
E
[δ(r −

√
E) + δ(r +

√
E)]

=
E0 (2m)3N/2 π3N/2 V N

EN !h3NΓ(3N/2)
E3N/2 =

1

N !

E0

E

1

Γ(3N/2)

[
V

(
2πmE

h2

)3/2
]N

. (27)

For the above calculation, we used the fact that r ∈ (0,∞), and E > 0, so the second term
in the integrand has no contribution in the second step. In the large N limit, one can use
the Sterling’s approximation, Γ(n + 1) = e−nnn. Applying this, one obtains, Γ(3N/2) =
e−3N/2+1(3N/2 − 1)3N/2−1 ≈ e−3N/2 (3N/2)3N/2. Also the prefactor E0/E can be neglected.
Taking all these results into account, we get

Q(N,V,E) =
1

N !

[
V

h3

(
4πmE

3N

)3/2
]N

e3N/2. (28)

The pressure is calculated from the partition function, using the formula

P = kBT

(
∂lnQ(N,V,E)

∂V

)

N,E

.

Since Q(N,V,E) ∼ V N , one gets P = kBTN/V , or

PV = nRT,

where n = N/NA. This is the equation of state of the system.

10. The canonical partition function of a monoatomic ideal gas is

Q(N,V, T ) =
1

N !

(
2πmkBT

h2

)3N/2

V N .

Derive expressions for the pressure and the energy from this partition function. Also show
that the ideal gas equation of state is obtained if Q is of the form: f(T )V N , where f(T ) is any
function of temperature.

Answer: The canonical partition function of a monoatomic ideal gas is

Q(N,V, T ) =
1

N !

(
2πmkBT

h2

)3N/2

V N . (29)

The pressure P is given by P = kBT
(
∂lnQ(N,V,T )

∂V

)

N,T
. So using Eq. (29), one gets

P = kBT N/V +

!!!!!!!!!!!!!!!!!!"0

kBT
∂

∂V
ln

(
1

N !

(
2πmkBT

h2

)3N/2
)

PV = nRT. (30)

Please go on to the next page. . .
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The average energy can be calculated using the formula, Ē = kBT 2
(
∂lnQ(N,V,T )

∂T

)

N,V
. So from

Eq. (29), one has

Ē = kBT
2 ∂

∂T

(
ln

(
2πmkBT

h2

)3N/2
)

+
!!!!!!!!!!!!"0

kBT
2 ∂

∂T

(
ln

(
V N

N !

))

Ē =
3

2
NkBT =

3

2
nRT. (31)

If the partition function is of the form: Q(T, V ) = f(T )V N , the pressure can be calculated as

P = kBT
(
∂lnQ(N,V,T )

∂V

)

N,T
= kBTN/V, which leads to ideal gas equation of state, PV = nRT.

11. The partition function of an ideal gas of diatomic molecules in an external electric field ξ is

Q(N,V, T, ξ) =
[q(V, T, ξ)]N

N !

where

q(V, T, ξ) = V

(
2πmkBT

h2

)3/2(8π2IkBT

h2

)(
e−hν/2kBT

1− e−hν/2kBT

)(
kBT

µξ

)
sinh

(
µξ

kBT

)
.

Here I is the moment of inertia of the molecule; ν is its fundamental vibrational frequency, and
µ is its dipole moment. Using this partition function along with the thermodynamic relation,

dA = −SdT − pdV −Mdξ,

where M = Nµ̄, µ̄ is the average dipole moment of a molecule in the direction of the external
field ξ, show that

µ̄ = µ

[
coth

(
µξ

kBT

)
−
(
kBT

µξ

)]
.

Sketch this result versus ξ from ξ = 0 to ξ = ∞, and interpret it.

There is a typo in the question.

Answer: From the thermodynamic relation, dA = −SdT − pdV − Mdξ, one can find the
magnetization M as

M = −
(
∂A

∂ξ

)

V,T

.

Here A is the Helmholtz free energy, and it is related to partition function via the formula:
A = −kBT lnQ(N,V, T, ξ). With the given partition function, one can see

lnQ(N,V, T, ξ) = N ln

(
kBT

µξ

)
+N ln

[
sinh

(
µξ

kBT

)]
+ g(T, V,N),

Please go on to the next page. . .
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where g[T, V,N ] = N ln

[
V
(
2πmkBT

h2

)3/2 (
8π2IkBT

h2

)(
e−hν/2kBT

1−e−hν/kBT

)]
− lnN !. So we get

M = −NkBT

(
kBT
µξ2

)

(
kBT
µξ

) +NkBT

(
µ

kBT

) cosh
(

µξ
kBT

)

sinh
(

µξ
kBT

)

= Nµ

[
coth

(
µξ

kBT

)
−
(
kBT

µξ

)]
. (32)

Therefore,

µ̄ =
M

N
= µ

[
coth

(
µξ

kBT

)
−
(
kBT

µξ

)]
.

Interpretation: At low electric field, µ̄ = 0, as spins are randomly oriented. With the

5 10 15 20
ξ

0.2

0.4

0.6

0.8

1.0
μ/μ

Figure 1: Plot of average dipole moment, µ̄ (rescaled by µ) as a function of electric field, ξ. In the
given plot, we have taken kBT/µ = 1.

application of electric field, spins are continuously aligned in the field, thereby showing positive
moment. At some point, all spins get aligned with the field, and the average moment saturates
to µ.

12. An approximate partition function for a dense gas is

Q(N,V, T ) =
1

N !

(
2πmkBT

h2

)3N/2

(V −Nb)NeaN
2/V kBT ,

where a and b are constants that are given in terms of molecular parameters. Calculate the
equation of state from this partition function. What equation of state is this? Calculate the
thermodynamic energy and the heat capacity.

Answer: The pressure of a gas can be calculated by using the formula,P = kBT
(
∂lnQ(N,V,T )

∂V

)

N,T
.

The given partition function is of the form of

Q(N,V, T ) = f(N,T ) (V −Nb)NeaN
2/V kBT ,

Please go on to the next page. . .
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where f(N,T ) = 1
N !

(
2πmkBT

h2

)3N/2
. Therefore,

P = kBT

(
∂lnQ(N,V, T )

∂V

)

N,T

=
NkBT

V −Nb
− kBT

aN2

V 2kBT
. (33)

Rearranging the terms, we have
(
P +

aN2

V 2

)
(V −Nb) = NkBT,

which is the equation state for Van der Waals gas.

The average energy can be computed as

Ē = kBT
2

(
∂lnQ(N,V, T )

∂T

)

N,V

= kBT
2 3N

2

(
∂lnT

∂T

)

N,V

+ kBT
2

(
∂

∂T

)

N,V

(
aN2

V kBT

)

=
3

2
NkBT − aN2

V
. (34)

The heat capacity is given by

Cv =

(
∂Ē

∂T

)

N,V

=
3

2
NkB. (35)

13. A Material consists of n independent particles and is in a weak external field H. Each particle
can have a magnetic moment mµ along the magnetic field, where m = j, j− 1, · · · ,−j+1,−j,
j being an integer, and µ is a constant. The system is at temperature T.

(i) Find the partition function for this system.

(ii) Calculate the average magnetization, M̄, of the material.

(iii) For large values of T, find an asymptotic expression for M̄.

Answer: The interaction energy of j−th moment with the field H is εj = −jµH. So the
partition function of a particle can be given as

q(T,H) =
+j∑

m=−j

e
mµH
kBT =

e
− jµH

kBT

(
1− e

(2j+1)µH
kBT

)

1− e
µH
kBT

=
e
− jµH

kBT − µH
2kBT − e

jµH
kBT + µH

2kBT

e
− µH

2kBT − e
µH

2kBT

=
sinh

(
(j + 1

2)
µH
kBT

)

sinh
(
1
2

µH
kBT

) (36)

Please go on to the next page. . .
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For the system of n independent particles, the partition function is

Q(n, T,H) = qn(T,H) =




sinh

(
(j + 1

2)
µH
kBT

)

sinh
(
1
2

µH
kBT

)




n

. (37)

The average magnetization, M̄ can be expressed as

M̄ = −
(
∂A

∂H

)

n,T

, (38)

where A = −kBT lnQ(n, T,H) is the free energy. Thus,

M̄ = nkBT

(
∂

∂H

)

n,T

[
ln

(
sinh

(
(j +

1

2
)
µH

kBT

))
− ln

(
sinh

(
µH

2kBT

))]

= nkBT
µ

kBT



(j + 1

2
)
cosh

(
(j + 1

2)
µH
kBT

)

sinh
(
(j + 1

2)
µH
kBT

) − 1

2

cosh
(

µH
2kBT

)

sinh
(

µH
2kBT

)





=
nµ

2

[
(2j + 1)coth

(
(2j + 1)

µH

2kBT

)
− coth

(
µH

2kBT

)]
. (39)

For large values of T, i.e., in the limit kBT " µH, one can approximate the hyperbolic function

as coth
(

µH
kBT

)
≈ 1

µH
kBT

+ 1
3

µH
kBT . Using this, Eq. (39) becomes

M̄ ≈ nµ

2

1

6

µH

kBT
[(2j + 1)2 − 1] =

n

3
j(j + 1)

µ2H

kBT
. (40)

14. The entropy of an ideal paramagnet in a magnetic field is given approximately by

S = S0 − CU2,

where U is the energy of the spin system and C is a constant with fixed mechanical parameters
of the system.

(i) Using fundamental definition of the temperature, determine the energy U of the spin
system as a function of T.

(ii) Sketch s graph of U versus T for all values of T (−∞ < T < ∞).

(iii) Briefly tell what physical sense you can make of the negative temperature part of your
result.

Answer: From the definition of temperature, 1
T = ∂S

∂U , one gets

1

T
= −2CU =⇒ U = − 1

2CT
,

where C > 0.

Please go on to the next page. . .
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-0.4

-0.2

0.2
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U

Figure 2: Plot of U versus T . Here, C = 1.

Interpretation: The negative temperature signifies that there are more number of particles in
an excited state than the ground state (population inversion). For a spin system, one may
have a situation where most of the spins are aligned anti-parallel to the applied field, thereby
resulting negative temperature.

15. A one-dimensional quantum harmonic oscillator (whose ground state energy is !ω/2) is in
thermal equilibrium with a heat bath at temperature T.

(i) What is the mean value of the oscillator’s energy, 〈E〉, as a function of T?

(ii) What is the value of ∆E, the root mean square fluctuation in energy about 〈E〉?
(iii) How do 〈E〉 and ∆E behave in the limits kBT ≤ !ω and kBT $ !ω?

Answer: The energy of ν−th state of a harmonic oscillator with angular frequency ω is given
by εν =

(
ν + 1

2

)
!ω. Therefore the partition function can be expressed as

q(T ) =
∞∑

ν=0

e
− !ω

kBT (ν+
1
2) =

e
− !ω

2kBT

1− e
− !ω

kBT

=
2

sinh
(

!ω
2kBT

) (41)

So the mean value of energy is

Ē = kBT
2

(
∂lnq(T )

∂T

)
= +kBT

2
cosh

(
!ω

2kBT

)

sinh
(

!ω
2kBT

)
(

!ω
2kBT 2

)
=

!ω
2
coth

(
!ω

2kBT

)
. (42)

The root mean square fluctuation in energy, ∆E is computed as

∆E =

√
kBT 2∂Ē

∂T
=

√

kBT 2!ω
2

(
!ω

2kBT 2

)
csch2

(
!ω

2kBT

)
=

!ω
2sinh

(
!ω

2kBT

) . (43)

Question 15 continues on the next page. . .
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In the limit kBT ! !ω, coth
(

!ω
2kBT

)
= e

!ω
2kBT +e

− !ω
2kBT

e
!ω

2kBT −e
− !ω

2kBT
≈ e

!ω
2kBT

e
!ω

2kBT
≈ 1, and sinh

(
!ω

2kBT

)
=

e
!ω

2kBT −e
− !ω

2kBT

2 ≈ 1
2e

!ω
2kBT . So in this limit, Ē ≈ 1

2!ω and ∆E ≈ !ωe−
!ω

2kBT .

In the limit kBT # !ω, coth
(

!ω
2kBT

)
=

cosh
(

!ω
2kBT

)

sinh
(

!ω
2kBT

) ≈ 1+O(1/T 2)(
!ω

2kBT

)
+O(1/T 3)

≈ 2kBT
!ω , and sinh

(
!ω

2kBT

)
≈

!ω
2kBT . Therefore, Ē ≈ kBT and ∆E ≈ kBT.

End of Assignment





































































Crystalline order: solid

Highly ordered solid



























Molecular dynamics simulation: Theory, Algorithm, and Applications

“If, in some cataclysm, all of scientific knowledge were to be destroyed, and only one
sentence passed on to the next generations of creatures, what statement would contain
the most information in the fewest words? I believe it is the atomic hypothesis (or the
atomic fact, or whatever you wish to call it) that all things are made of atoms - little
particles that move around in perpetual motion, attracting each other when they are a
little distance apart, but repelling upon being squeezed into one another. In that one
sentence, you will see, there is an enormous amount of information about the world, if
just a little imagination and thinking are applied.”

Richard Feynman (1961)

Source: Wikipedia

q A method to capture the physical movements of atoms and molecules dynamically for a significant period of time

q Positions of a set of interacting particles over time are calculated by solving Newton’s equation of motion

q The forces between the particles and their potential energies are calculated using molecular mechanics force field



Classical Mechanics

!!
"

"!
"

!! = #!$! = #!
%"&!
%'" = − %)%&!

# = Poten<al energy of the system

Time Position (%#$%#) Velocity (&#$%#
" ) Acceleration ("#$%#

" )

' = ' + )'
%! + &!

")' +
1

2
"!
")'&

&!
" + "!

")'
−
1

-'

)##$%#
)%'

Time Position (%!) Velocity (&!
") Acceleration ("!

")

' = 0 %! &!
"

−
1

-'

)#!
)%'

!#$%#
"

"#$%#
"

%!X

Y

%#$%#

Maxwell Boltzmann 

distribution

Molecular mechanics 

force field

+⃗#$%#&

+⃗'&



Force field
) = ,()*%+% + ,*)*,()*%+% /()*%+% = /()*%,-#.+#/0'*1 + /2*13+,(+*%'*1+ /%'0+%.23,.)#2#')*

!!"#$%&'()'*+,#- = #
!"#$&

$!(& − &.)/ !0#-1)%!)#$,#- = #
0#-1)&

$2() − ).)/

- =  Bond length at any instance
-!= Equilibrium bond length
."= Force constant

/ =  Bond angle at any instance
/!= Equilibrium bond angle
.#= Force constant

!$,+)$(01%("'0',"# = #
$,+)$(01
0#-1)&

$3(1 − cos(./ − 0))

0 =   Bond angle at any instance
1 =   Dihedral multiplicity (number of local minima)
.$ = Dihedral force constant
2 =    Equilibrium dihedral angle

$! = 480 $456/896

. = 2, $3 = 1.5 4*015"1
0 = 180°

&. = 1 Å
$2 = 23 $456/896

). = 120°

N---H

N

H--N--H H--N--C--N

q Example: Force field parameters of urea (Charmm36 force field)

/ /

/



Force field

/*)*,()*%+% = /+3+/#.)-#2#'/ + /42* %+. 5223-

/+3+/#.)-#2#'/ = 0

',7

1

423!

4'47
5'7

4' 47

5'7

!60# $)( 7001& = 4A,8
9!"
(!"

:/
− 9!"

(!"

;
= A,8

<#!$!"
(!"

:/
− 2

<#!$!"
(!"

;

/
+3
+/
#.
)-
#2
#'/

/
42
*
%+
.5

22
3-

5'7

5/8#)99

5-:'#/0'*1

B5,#,8

6'7
3'7

Truncation of interacting partner and cutoff distance 

C*='">>

Between C&?,'*+,#- and C*='">>the van der Waals interaction is switched to zero

Distance at which the short-ranged interactions are turned off

Long-ranged electrostatic interactions are calculated using Particle Mesh Ewald 
(PME) summation method

Reduces the computational time significantly

For n particles, the number of pair interaction terms = n(n-1)/2



Velocity 
assignment

0

';<

=
-'&' = 0

< &'
" =

-'
22=>>

</&
exp −

1

2

-'(&'
")&

=>>

q The B&C5"DD -B-CE'F- GH "DHB CEHF5C) 'B IC JC5B

q Velocity is assigned randomly from Maxwell-Boltzmann distribution at a given temperature



Integration algorithms
q Verlet Algorithm

5 ' + K' = 5 ' +
)5(')

)'
K' +

1

2!

)&5(')
)'&

K'& +
1

3!

)@5(')
)'@

K'@ + ⋯

5 ' − K' = 5 ' −
)5(')

)'
K' +

1

2!

)&5(')
)'&

K'& −
1

3!

)@5(')
)'@

K'@ + ⋯

5 ' + K' + 5 ' − K' = 25 ' +
)&5(')
)'&

K'&

5 ' + K' = 25 ' − 5 ' − K' + "(')K'&

Combining,

Faster since velocity need not to be calculated

Lower precision



Integration algorithms
q Leap-frog Algorithm

⟹ 5 ' + K' = 5 ' + &(' +
1

2
K')K'

velocities are calculated explicitly

Position and velocity are not calculated at the same time

& ' +
1

2
K' = & ' −

1

2
K' + "(')K'

& ' +
1

2
K' =

5 ' + K' − 5 '

K'

Velocities at time ' +
<
& K' is used to calculate position at time '.

Velocity leaps over position and position leaps over velocity



Periodic boundary conditions enable a simulation to be performed using a relatively small number of particles in such 

a way that the particles experience forces as if they are in a larger volume

Periodic boundary condition



Ergodic hypothesis: Simulation of a water-box 

Initial conditions: 
§ 6136 water molecules 
§ Cubic box of edge length of 3.67 nm (Volume ~ 49 nm3 )
§ Pressure: 1.01325 bar
§ Temperature: 310 K
§ Simulation time: 1ns
§ Water model: TIP3P

Statistics of temperature, pressure and volume

D = 310.032 E
F = 1.13 &5C
G = 49.32 .8@



Ergodic hypothesis: Distributions of H-O-H angle in 
water

+⃗3,4A

+⃗3,4B

.5,6,5 = cos,7(+⃗3,4A3 +⃗3,4B)
H1

H2

O
Q

t1 t2 t3 t4 ….. tn

w1 Q Q Q Q ….. Q

w2 Q Q Q Q ….. Q

w3 Q Q Q Q ….. Q

wN Q Q Q Q ….. Q

Q # = lim
#→B

1

'*
U

!

#%
Q ' )'

Q = = lim=→B
1

V
0

';<

=
Q(G)

8 & = :;<. >?

8 ' = :;<. >@°

En
se

m
bl

e

Time

Time average

Ensemble 

average



Calculation of radial distribution function (g(r)):

r

r+dr

W 5 =
X.

X.()*+
4A = %BC

CDAB%A =
BCDEC,BC
CDAB%A

V. = VB. BY Z"'C5 B%[WCE "'B-H GE 'ℎC H<ℎC5C BY 5")GFH 5
HF55BFE)GEW " ]CE'5"D Z"'C5 B%[WCE "'B-

5
&

5(E-)

425&W 5 X.()*+)5 = )V.

42X.()*+ ∫ W 5 5&)5 = ∫ )V. = V.

Coordination number
Depletion zone

[> 25C,D (5C,D = 0.095 E-)]

Maximum density (r=0.275 nm)



Simulation of protein-peptide 
complex

ΔH -62.34

TΔS - 53.88

ΔG -8.46 ± 0.69

ΔH -56.53

TΔS - 26.41

ΔG -30.12 ± 2.97

ΔH -54.65

TΔS - 15.95

ΔG -38.70 ± 2.46
Unit:

kcal/mol

mdm2 + p53 (natural binding partner) mdm2 + designed peptide inhibitor mdm2 + designed peptide inhibitor

q p53 regulates the DNA repairing or apoptosis (removal of diseased cell) in response to different stresses

q mdm2 is overexpressed in cancerous cells to bind to p53 and inhibit its function to ensure tumor progression

q Cross-stitched peptides are designed to replace p53 and bind to mdm2

q For that, these must have higher binding affinity with mdm2 than the natural binding partner.

mdm2

p53








































































































