
Ensemble
The concept of an ensemble is a brilliant mental construct

System must have a large number of microscopic states (positions and momenta), and natural 
motion of system at non-zero temperature takes the system through a finite fraction of these 
states in a time comparable to  time of measurement of the macroscopic properties.
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In the following we discuss the primarily used ensembles and the associated expres-
sions leading to thermodynamic quantities.

5.2  Microcanonical Ensemble

This can be called the “mother of all ensembles” as all other ensembles are developed from 
this one. As we mentioned earlier, one of the two basic postulates of Statistical Mechanics, 
the equal a priori probability, is made for and valid in an NVE ensemble. In fact Boltzmann’s 
entropy formula is also derived in the NVE ensemble. All thermodynamical and statistical 
mechanical derivations and justi!cations follow from Boltzmann’s formula.

Clearly, this ensemble is the most restrictive of all ensembles. All the members of this 
ensemble have total number of particles (N), total volume (V) and total energy (E) !xed. 
Let us illustrate the ensemble with a simple example. Let us consider a system that is com-
posed of four non-interacting particles and each particle can acquire one of the four energy 
states 0, 1, 2, 3 of the system. The energy of the total system is kept !xed at a constant value 
of 8 units. The population distribution in this system can be represented by the following 
diagram.

Now the number of ways (!) that these four particles can be arranged in four different 
energy levels in such a way that the total energy of the system remains constant at 8, is 
exactly four for indistinguishable particles (as shown in Figure 5.3). However, if the par-
ticles are distinguishable, the number of ways one can satisfy the constraint of E = 8 shall 
be much more.

The quantity !, i.e., the total number of ways a NVE system can be realized. That is, "(N, 
V, E) is the total number of microscopic states in the ensemble at a !xed energy and serves 
as the most fundamental quantity in microcanonical ensemble.

Now we discuss an important point—important to all of Statistical Mechanics. When 
the size of the system is macroscopic, that is to say that the number of particles is of the 
order of Avogadro’s number and volume and energy, being extensive properties, are also 
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FIGURE 5.2
A schematic diagram of evolution of all the ensembles and their interconnections. Notice that the differ-
ent ensembles can be realized by replacing one or more extensive variables by the conjugate intensive ones. 
Mathematically the partition functions are related by Laplace transformations.
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macroscopic (having increased proportionately), we have a huge number of microscopic 
states. That is, the volume of phase space is large. As the number of systems in our ensem-
ble is also large, a large portion of the phase space should be occupied. At constant energy, 
all states are equally likely to be occupied, but a signi!cant number of them need to be 
occupied in the (NVE) ensemble, for the subsequent discussion to hold. In Figure 5.4 we 
show a schematic representation of isolated systems in microcanonical ensemble.

Now, as energy is same for all quantum states, the probability that a system chosen ran-
domly from the ensemble would be in a given microstate is simply Pj = 1/!(N, V, E).

We now de!ne entropy, which is given by the following expression

 S k P PB j j

j

= ! " ln  (5.1)

This expression is popularly known as Shannon’s entropy and has its roots in the infor-
mation theory. In case of microcanonical ensemble, we obtain,
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FIGURE 5.3
Diagrammatic representation of the number of possible ways that four particles can be arranged among four 
energy levels (0, 1, 2, 3) keeping the total energy !xed at a constant value of 8. The red arrows (not to be confused 
with spins) indicate a particle and horizontal lines energy levels. This schematic illustration seems to give the 
impression of particles that are arranged in quantum systems, but this is meant to be a general representation 
where energy level spacing need not be constant. The four arrangements can be described by the following quanti-
tative fashion. (a) n0 = 1, n1 = 0, n2 = 1, n3 = 2, (b) n0 = 0, n1 = 1, n2 = 2, n3 = 0, (c) n0 = 0, n1 = 0, n2 = 4, n3 = 0, (d) n0 = 0, n1 = 
2, n2 = 0, n3 = 2. According to the second postulate of Statistical Mechanics, all the arrangements are equally likely.
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FIGURE 5.4
A microcanonical ensemble consists of mental replicas of the original (NVE) system.

A microcanonical ensemble consists of mental 
replicas of the original (NVE) system (Isolated System)
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shown in Figure 5.5, which shows a schematic illustration of a super-system mentioned 
above. We need to remember that our interest remains our original (NVT) system.

Although the entire ensemble comprises of a large collection of microcanonical systems, 
each system replica of our original system has the same value of V and T but not the same 
energy. Thus each replica of the canonical ensemble will be distributed over all the available 
energy levels. Let us understand such an ensemble by the following illustrative example.

Let us consider again a system of four non-interacting particles being able to choose one 
of the four energy states 0, 1, 2, 3. But this time they can populate a distribution of total 
energies, having values of 6, 8, and 10 units respectively (Figure 5.6). Earlier, energy was 
kept !xed at 8 units. The two additional energies (6 and 10) can be considered as a "uctua-
tion due to the interaction of the heat bath that maintains constant temperature T.

The number of possible arrangements of these four indistinguishable particles with total 
energies 6, 8, and 10 units respectively is shown in Figure 5.6—we can easily calculate the 
enhanced number of microstates if the particles are distinguishable.

Note that the number of ways of arranging the particles (!) is different for each energy state. 
Since the energy of the individual system is not conserved (although that of the super-
system is), the average thermodynamics properties calculated for this ensemble has to be 
weighted by a factor, which is the probability of !nding a system in a particular energy 
state. We discuss the detailed formulation as follows.

It is vital to note that all the microscopic states (given by a set {ni}) with the same energy are 
equally likely. Thus, all the four arrangements with E=8 are equally likely. However, the states with 
different energies have different probability and they contribute differently to the overall observed 
macroscopic property of the system. It is therefore important to !nd out the probability of a state 
with a given energy. This is given by the Boltzmann distribution as shown below. The num-
ber of arrangements with the same total energy is the degeneracy of the system.

Now, in the subsequent discussions, we shall substitute systems of our super microca-
nonical system for particles. These systems (with constant N, V, and T) are replicas of our 
original system and will be distributed among various permissible energy levels. These 
permissible energy levels are determined by system and bath together. As the bath essen-
tially determines the temperature, the energy levels re"ect certain basic features of the 
system, and are a consequence of the intermolecular interactions among the molecules of 
the system.

As we have formed an isolated super-system with constant total energy, the complete 
microscopic state where the occupation numbers of energy levels of different systems (with 
different energies) are different, has the same probability, irrespective of the differences 
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FIGURE 5.5
Schematic representation of canonical ensemble where energy of each system can "uctuate. The systems are, 
however, kept at !xed temperature T by putting the super-system in a bath and establishing thermal contacts 
between the individual systems. So, each system (little boxes) are at !xed N, V, T but different energy.Canonical ensemble, where energy of each system can fluctuate. The systems are kept at 

temperature T by putting the super-system in a bath and establishing thermal contacts 
between the individual systems
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in individual system energy. Thus, we have a two-tier description. (i) That speci!ed by 
the energy of the individual systems. That is, the !rst system has energy E1; the second 
system has energy E2, etc. We need to group together and de!ne a distribution that gives 
the number of systems that lie between say energy Ej and Ej + dE. (ii) In the second tier of 
description, a given system with energy Ej itself has a number of microscopic states that 
conform to this energy. Here we work at the !rst tier.

Let us now denote by nj the number of systems in the energy level Ej in our super-system 
(that consists of replicas of our original system). Clearly, nj together form a distribution—
so we shall sometime put curly brackets {nj} to denote the same. However, there are restric-
tions on this distribution. They must obey the two following conditions

 n Nj S
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where nj is the number of systems (in the ensemble) that occupies energy state Ej (that is, Ej 
is the energy of the j-th energy level of the original [NVT] system). Let us assume that we 
have a pre-assigned total ensemble energy, Et. We want to !nd the distribution of energy, P(Ej).

Note that Et is substantially large. As mentioned already, the reason for the above con-
struction of the isolated super-system is that we can now apply the hypothesis of equal a 
priori probability: each micro state with same Et, total !xed volume and total !xed number 
of particles is equally probable. Note that a microstate of the super-system is given by a par-
ticular realization of the set {nj}. We can then use methods of statistics to !nd the probability 
distribution.
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FIGURE 5.6
Distribution of particles in a canonical ensemble having the set of energy values as E1 = 6, E2 = 8 and E3 = 10. 
As"explained in the caption of Figure 5.3, the arrows indicate particles and horizontal lines the energy levels.
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5.7  Grand Canonical Ensemble

As the name signi!es, grand canonical ensemble plays a pivotal role in understanding of 
natural phenomena by science. In this ensemble we allow exchange of particles, by intro-
ducing chemical potential !. Now the number of particles in the system can "uctuate or 
vary during a process. This is (!, V, T) or Grand Canonical Ensemble (GCE). Subsequent 
analysis follows the same route as the canonical partition function case. In this case we 
!rst construct the grand canonical ensemble by putting the mental replicas of the (!, V, T) 
system in a large bath which is not only open to exchange of energy but also to the number 
of molecules. Each system is characterized by constant volume V, constant temperature 
T and constant chemical potential !, but can have different energy and different number 
Ni of molecules. Just as in the case of canonical ensemble, we put these systems in contact 
with each other where the walls separating them permit exchange of energy and mol-
ecules. This system of ensembles itself is put in a large heat and number bath. After equi-
librium is reached, we put insulation around the whole ensemble such that no exchange of 
energy and number is possible. That is, we again construct a big microcanonical system.

This microcanonical system of ensembles consists of a large number of replicas of each 
other and together they constitute our grand canonical ensemble. The systems of our grand 
canonical ensemble are all characterized by the same V, T, and ȝ (as shown in Figure#5.7). 
However, these systems may all be characterized by a different amount of energy and 
different number of molecules. Let us denote the number of systems with energy Ej and 
number of molecules N by nj(N). That is, nj(N) is a distribution and we again have to !nd 
the distribution that maximizes the total number of microstates !({nj(N)}) which is given 
by a similar multinomial expression.

The difference is that now !({nj(N)}) needs to be maximized with three constrains: total 
number of systems, total energy (Etot) and total number of molecules in our great microca-
nonical system. The same exercise as carried out before leads to the following expression 
for the most probable distribution
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FIGURE 5.7
Schematic illustration of grand canonical ensemble where the systems are kept at !xed temperature T and 
chemical potential ȝ by putting the super-system in a heat bath and particle bath respectively and establishing 
thermal contacts between the individual systems.
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Problem Set

 1. Consider a system of N particles. Each particle can occupy only three discrete 
states of energies 0, İ and 2İ. The system is kept at a !xed temperature T. Write 
the partition function of the system assuming they obey Maxwell-Boltzmann 
statistics:

 a. if the particles are distinguishable.
 b. if the particles are indistinguishable.
 c. Derive an expression for the entropy and heat capacity of the system at con-

stant volume. Plot Cv vs. T qualitatively.
 2. Consider a system of N number of two level sub-systems in thermal equilibrium 

with each other. Each system has only two states, 0 and İ. First !nd out the prob-
ability that a given sub-system can be found in the excited state. Next consider the 
whole system of N sub-systems. Derive an expression for the entropy (S) and pres-
sure (P) for the entire system. Calculate the value of S at the limit T!0 and T!". 
Also plot S vs. T. What can you conclude from the results?

Grand-canonical ensemble


